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Abstract

In this work, we study shear flows of a fluid layer between two solid
blocks via a liquid-crystal type model proposed in [C. H. A. Cheng, et
al., A liquid-crystal model for friction, PNAS 21 (2007), 1-5] for an
understanding of frictions. A characterization on the existence and mul-
tiplicity of steady-states is provided. Stability issue of the steady-states
is examined mainly focusing on bifurcations of zero eigenvalues. The sta-
bility result suggests that this simple model exhibits hysteresis, and it is
supported by a numerical simulation.
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1 Introduction

In this work, we study a liquid-crystal type model for friction of a fluid layer
between two solid blocks, particularly, for the case of geologic fault, proposed
in [3]. The model is motivated by the Ericksen-Leslie continuum theory for
nematic liquid-crystals ([7, 10]). The state variables of nematic liquid-crystals
are the velocity field together with a director field. The latter is an attempt
to take into consideration of the micro-geometry of the molecules forming the
material; in particular, for nematic liquid-crystals, they are treated as rod-like
particles. The model in [3] is a simplified version for liquid-crystals but, at very
basic level, mimics the nematic liquid-crystals continuum system of Ericksen-
Leslie.

We begin with a brief account of the model and refer the readers to [3] for
more details and [7, 10, 2, 4] for the continuum theory of “real” nematic liquid-
crystal formulation. Consider a fluid layer of prescribed thickness between two
solid blocks with the blocks sliding in opposite directions at a prescribed relative
slip velocity. The material of the fluid layer will be treated as rod-like liquid-
crystals, in particular, the state of a material element is determined by its
spatial location and the direction of the rod. The following continuum model
was proposed in [3] (see the reference for a derivation and discussions).

u; + (u- V)u =div(v(r)Vu) — %Vp, in (1.1)
r,+Vr-u—Vu-r=0Ar, inQ (1.2)

where u is the velocity of the fluid, r is the director field, p is the density, v(r)
is the kinematic viscosity, and p is the pressure, d is the relaxation parameter,
and () denotes the region bounded by the two solid blocks.

The domain € is taken as ) = (—oo,00) X (0, L) with coordinates (z,y).
Without loss of generality, we take L = 1. Assume the horizontal pressure
gradient to be zero so that the flow is driven by the imposed slip velocity u
of the upper boundary of the channel while the lower boundary can be set
still. Let u = (ui(x,y), us(z,y)) and r = (ri1(x,y),r2(z,y)). We recall further
simplifications assumed in [3]. It is assumed that

ul('xay) = u(Z/)v Ug = O; rl(x,y) = T(Z/)v ro = L.

Under this assumption and with v(r) = v(r), one obtains a one-dimensional
version of the model:

u = (v(r)uy)y, 1 =0ry, +u, for ye(0,1), (1.3)
with the boundary conditions

u(0,t) =0, wu(l,t)=u; r(0,t)=r(1,t)=0. (1.4)



The kinematic viscosity v(r) is assumed to depend on the director field r via a
model
v(r) = a(@)vy + (1 — a(f))vg

for some decreasing function a with «(0) =1 and a(7/2) =0 and 0 < vy < vy,
where 0 is the angle of r from the vertical. The function «a(f) determines the
type of frictions modeled. In [3], the authors introduced the above model (1.1)
and (1.2), and used numerical simulations to examine the behavior of solutions
of (1.3) and (1.4) that allow them to compare with the empirical rate-and-state
law.

In this paper, we consider a general v(r) and assume
0<wvy <wv(r)<wy, v'(r)<0 and

'(r))? 1.5
either v'(r) =0 for large r or lim W)™ _ (1.5)
r—00 U”(fr)

We remark that the existence of the limit in the assumption (1.5) implies im-
plicitly that v”(r) # 0 for large r and, it turns out gy = 0 (see Lemma 2.3).
We will then first examine steady-state solutions of (1.3) and (1.4). This is
rather easy and we are able to give a complete characterization on the exis-
tence and multiplicity of steady-states. Stability issue of the steady-states is
then examined, particularly, for cases where multiple steady-states exist. We
identify conditions on u so that zero is an eigenvalue for the linearization of a
steady-state associated to u and study the bifurcation of the zero eigenvalue
for nearby u. Quite interestingly, our stability result suggests that this simple
model possesses hysteresis; more precisely, when one applies dynamic boundary
conditions @(t) in two manners, one with slowly increasing u(t) from zero to
large, and the other in the reversal way, the solution of (1.3) and (1.4) for the
second setup is not the reverse of the first.

The paper is organized as follows. A characterization (Theorem 2.2) on the
existence and multiplicity of steady-state solutions of (1.3) and (1.4) is provided
in Section 2 followed by an example of v(r) for which multiple steady-states
exist. In Section 3, we apply the energy estimate to establish the L? linear
stability of steady-states with small u (Theorems 3.1). Section 4 is devoted to
the study of zero-eigenvalue and its bifurcation of steady-state solutions. An
explicit condition (Theorem 4.6) on steady-states that possess a zero eigenvalue
and a key formula (Proposition 4.9) that determines the bifurcation of the zero
eigenvalue are given. Section 5 is devoted to the derivation of the formula.
The stability result suggests a mechanism for a hysteresis phenomenon for this
model problem. A numerics is presented in Section 6 to support and illustrate
the expected hysteresis phenomenon.



2 Existence and multiplicity of steady-states

In this section, we will characterize the existence and multiplicity of steady-
state solutions of (1.3) and (1.4) under the assumption (1.5) on the kinematic
viscosity v.

For definiteness, we assume 4 > 0 in (1.4). The steady-state problem of
(1.3) and (1.4) is, for some positive constant M? (see (2.7)),

v(r)u =M? 5" +u =0, ye€(0,1)

w(0) =0, u(l)=u>0, r(0)=r(1)=0, (2.6)

where prime denotes the derivative with respect to y.

It follows that ) .
u(y) = u(0) + M2/ ——ds
W) =0+ M )

In view of the boundary conditions u(0) = 0 and u(1) = @ > 0, we have

M? =u {/01 v(rl(y))dy}_l > 0. (2.7)

Set

flr) = /OT %dr (2.8)

It is clear that f is strictly increasing. Let g be the inverse function of f. The
following lemma is a simple consequence of (1.5).

Lemma 2.1. f(0) = ¢(0) = 0
f'(r) = =v'(r)/v*(r) 2 0; g'(s )20(9(8)) < [Uowl], g’

Define a function
s AL

The existence and multiplicity result for steady-states is

, J'(r) = 1/v(r) >0,
5) <0.

dt for 8> 0. (2.9)

Theorem 2.2. For any u > 0, the set of solutions of the boundary value problem
(2.6) is in one-to-one correspondence with the set of solutions B of u = 46D ().
In particular, there always exists at least one solution.

Proof. The steady-state problem (2.6) reduces to
2

dv(r)

'+ =0, r(0)=r(1)=0, (2.10)



e
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Figure 1: The phase portrait of system (2.10) in the (r,r")-plane.

subject to the condition (2.7). For any fixed M? > 0, equation (2.10) is a
Newtonian with the potential M2 f(r)/§ or with the Hamilitonian
2
H(r,r') = %(r’f + MTf(r), (2.11)
where f(r) is given in (2.8). The phase portrait is sketched in Figure 1.

We claim that, if 7(y) is a solution of the boundary value problem (2.10),
then r(y) > 0 for y € (0,1), r(y) is symmetric about y = 1/2 and 7'(1/2) =
0. In fact, it follows from the equation in (2.10) that r(y) is strictly concave
downward. The boundary condition r(0) = r(1) = 0 then implies that r(y) > 0
for y € (0,1) and there is a unique y* € (0, 1) so that r'(y*) = 0. Set r(y*) =«
and r1(y) = r(2y* — y). Then r(y) satisfy the second-order equation in (2.10)
and the initial conditions r1(y*) = r(y*) = a and | (y*) = —r'(y*) = 0. By
uniqueness of initial value problems, we have r(y) = r1(y); in particular, (1) =
r(2y* — 1) = r(1) = 0. Since r(y) = 0 implies y = 0 or y = 1, we have either
2y* —1=1or 2y*—1 = 0; that is, either y* = 1 or y* = 1/2. We thus conclude
y* = 1/2 since y* € (0, 1), and hence, r(y) = (y) =r(1 —y).

It now follows from (2.11), 7(1/2) = o and r'(1/2) = 0 that

5(7"/)2 T (r) = 5 (a),
and hence, for y € (0,1/2), r'(y) > 0 and
2 o dr
r'=4/= a)— f(r) or Md - .
ST =) or Miy =\ 222



Integrate from y = 0 to y = 1/2 to get

Note that 7'(0) = V26—t M+/ f(«) and

/o1 % - /01/2 % - _j\24—62 /01/2 " (y)dy

20, , 20 2v/26
=-10 (r'(1/2) = 7'(0)) = el (0) = iV fla).

o V@)= f(r)

Let 8 = f(a) or equivalently a = g(). In terms of 3, we have,

md s = V20312 \/@dt (2.13)

u =463/ / \/ﬂ — 450 / dtf45D(ﬁ) (2.14)
; -

It follows that, given any @ > 0, if § > 0 is a solution of (2.14), then there is
a steady-state solution. It is also clear from the construction of the steady-
state solution and the monotonicity of f(r) that different S values provide
different steady-state solutions. Therefore, the set of steady-states is in one-
to-one correspondence with the set of solutions § of equation (2.14).

Since 0 < vy < ¢'(s) < vy from Lemma 2.1, one has D(f) - 0as § — 0
and D() — oo as f — oo. Thus, for any u > 0, there exists at least one § > 0
such that (2.14) is satisfied. This completes the proof. O

M\/_/

Next, we provide a condition on @ so that the corresponding boundary value
problem (2.6) has a unique solution and an example of v(r) for which the bound-
ary value problem (2.6) has multiple solutions for a range of .

Lemma 2.3. Assumption (1.5) implies j1o = 0.

Proof. Assume, on the contrary, that pg # 0. If pg < 0, then the existence
o ((r)?

of lim
r—00 U”(r)
r > rog and v'(rg) < 0. It follows that v'(r) < v/(ry) < 0, and hence, v(r) <
v(rg) + (r — ro)v'(rg) — —oo as r — oo that contradicts to v(r) > vy > 0.
(v'(r))?
v"(r)

= o implicitly implies that, for some large ry, v"(r) < 0 if

Therefore, g > 0. Denote, for r > rg, = p(r). Then p(r) — po as




r — o0o. Assume p(r) > ug/2 for r > r, for some r, > ry. Solve the equation
p(r) (') = (v')? to get, for r > r,,

1
V(r) = ——— -
Jr. 7T = o
Hence,
” 1
v(r) =o(ry) — | —ds.
S Lt o

It follows from, for r > r,, p(r) > po/2 that
"1 2
/ ——dr < —(r —714).
T IO<T) Ho
Therefore,

O s

ds — —00 as r — oo.
Gk R o

The latter contradicts to vy < v(r) < vy. We thus conclude py = 0. O

Corollary 2.4. Assume (1.5). There exist 0 < [y < [y such that D'(5) > 0
for 0 < 8 < By and for B > 5. Hence, for u € (0,40D(51)) U (46D (Bs), 00),

the boundary value problem (2.6) has a unique solution.

Proof. Note that

1 t) 1 tg”(ﬁt)
D :/ A / dt.
(8) vl Ny v
The existence of 3; follows from that ¢’ > vy > 0 and |¢”| is bounded.
From ¢'(s) = v(g(s)), we have

dg /W) dr
—~2 —ds or — = 2.
v(9) o o(r)

Therefore,
9(2)
24"(2) = 2 (9(2))g' () = vr(9(=))0(g(2) / Lo

If v(r) = 0 for large r in (1.5), then lim, o (¢'(2) + 2¢"(2)) = vy > 0. For
the other case in (1.5),

9(2)
lim (g'(2) + 29"(2)) =vo + lim <vr(g(2))v(9(2))/0 Ldr)

z——+00 2Z—00 1}(7’)
BN ) () VA2 C)
= R g fom(g) +olg) 0T




One checks that, for any continuous function ¢(t),

1
. q(Bt) .
Jim [ =2 g0

if the latter limit exists. Therefore,

1 "
g'(Bt) Eﬂ—ti (8t) dt = 2,222100 (¢'(2) + 24" (2)) > 0.

The existence of 8, > 0 with the desired property follows directly. ]

lim D'(B) = lim /
0

B—r00 B—00

Example. We end this section with an example of v(r) for which @ = 46 D(3)
is a cubic-like function. We set 6 = 1 and choose a piecewise viscosity function

1, 0<r«i1
v(r)=q (1490 —-1)%"" 1<r<2 (2.15)
0.1, 2<r.

This cubic @(«) has a local maximum iy, ~ 12.84 and local minimum y,;, ~
10.98, Figure 2. For @ € (Umin,Umax) there are three steady-state solutions
which bifurcate from a unique solution as u is varied across the local extrema.

17
16
15

14 1

Figure 2: A cubic-like u(f) for v(r) in the example. Note that the horizontal
azis is labeled by o = g() instead of 5.



3 Linear stability for small «

In this section, we use energy methods to establish the linear stability of steady-
states with small «.

Let (u*,7*) = (u*(y),7*(y)) be a steady-state of the problem (1.3) and (1.4)
with «*(1) = w. The linearization of the problem (1.3) and (1.4) along (u*,r*)
is

Uy = (v(r*)U, + uZUT(r*)R)y , Ri=0R,, +U, (3.16)
with U(t,0) = U(t,1) = R(t,0) = R(t,1) = 0.

Theorem 3.1. For small u, (u*,r*) is linearly exponentially stable in L*; more
precisely, for K = w25~ vy, if @ is small enough, then there exists p > 0 such
that

/0 (KU?(t,y) + B3(t,))dy < e 7' / (KU2(0, ) + R2(0,1))dy.

Proof. By the Poincare inequality, we have, for R with R(0) = R(1) =0,

1 1 1
/ R*(y)dy < —2/ R2(y)dy.
0 ™ Jo

It follows from (2.7) that M?(8) < wv; so that

ey MA(B) Vi e
uy(y> - U(T*(y)) S Vo ’ | y(y) 7’( (y))| S

/L_LUIHUTHLOO
Vo )

Multiply the U-equation by KU, R-equation by R, and integrate over [0, 1]
to get

1d [*

1
5@(jKW+RWw——A(KWﬁ@+K@mwm%+mﬁ—m@@,

1 K— . - 1
g—/ (KvoU? + 6R?) dy + “”l”UUHL +UO/ \RU, |dy.
0 0 0

By Young’s inequality and the Poincare inequality,

1 57.‘_2 1 ) 1 1 )
<2t -
/OyRUy\dy_ - /ORdy+27T25/O U2dy

5 [t 1 v,
<2 d dy.
—2/0 & y+2w25/0 Yuty

It is clear that, for small u,

K’L_Ll)l”’UTHLoo -+ Vg and § > KﬂleerLoo + Vo

0.
21250, 2ug

Kuvg >



Thus, there exists p > 0 such that

1d 1(KU2+R2)d <_? 1—(KU2+R2)d
2dt J, Y="3 v )

Hence, by Gronwall’s inequality,

/0 (KU2(t,y) + R2(t,y))dy < e / (KU%(0,y) + R¥(0,))dy.

This establishes the L? linear stability of steady states with small . ]

4 Eigenvalues and bifurcations of steady-states

In view of the existence and multiplicity result (Theorem 2.2), steady-states of
the boundary value problem (1.3) and (1.4) cannot be uniquely parameterized
by # in general. We thus parameterize steady-states by the parameter g with
u(p) = 40D(pP) and examine the spectral stability of steady-states as 3 varies.

It follows from the previous section that steady-states associated to small @
are linearly stable. As we increase (3, there are two possibilities for the steady-
state to loss its stability: one is that a zero eigenvalue is created and the other
is a pair of pure imaginary eigenvalues. In this section, we focus on stability
changes of steady-states due to bifurcations of zero eigenvalues. The basic tool
for this investigation is an Evans or a Wronskian type function.

4.1 Eigenvalue problem and an Evans function

For 8 > 0, let (u,r) = (u(y; 8),r(y; 5)) be the steady-state with u = 45D (p)
defined in (2.14). In view of the linearized system (3.16), the eigenvalue problem
associated to this steady-state is the system

(v(r)Uy + uyv,(r)R), = AU, Ry, +U, = AR (4.17)
with the boundary condition
U0)=R(0)=0, U(l)=R(1)=0. (4.18)
Alternatively, we can set
P =uv(r)Uy, + uyv.(r)R and Q =0R,+ U,
and rewrite system (4.17) into a system of first order equations

l quT(T) / , ’
_ P = _ — )
U( ) - U( ) R, =AU, R = 5@ 51/, Q' = AR, (4 19)

10



where prime denotes the derivative with respect to y. Setting Z = (U, P, R, Q),
system (4.19) has the compact form

7' = A(y; A, B)Z, (4.20)
where
0 1 _u@Burry:h)
\ v(f’%;ﬂ)) U(Téy;ﬁ)) 0
Ay A, B) = B 0 1
0 0 A 0

For any given f € R and A € C, let Z;(y; A\, ) for j = 1,2,3,4 be the
solutions of (4.19) with

Zl(oa )‘)5) - Z3(1a /\76) = €2 = (07 17070)7
ZQ<07 A?ﬁ) = Z4(17 Aaﬁ) = €4 = (070707 1)

so that Z; and Z, are linearly independent solutions and satisfy the boundary
condition at y = 0, and Z3 and Z, are linearly independent solutions and satisfy
the boundary condition at y = 1.

Set

E(y; A, B) = det(Z1(y; A, B), Za(ys A, B), Zs(y; A, B), Za(y: A, B)). (4.21)
We have
Lemma 4.1. The function E is independent of y and is smooth in (X, 3).

Proof. The claim follows from that

B(y; M, B) = exp { / " A(m ﬁ)dT} B(0: A, 8)

and trA(7; A, 5) = 0. ]

We thus denote E(y; A, 5) by E(X\,3) : C x Ry — C and refer to it as the
FEvans function of the eigenvalue problem (4.20). Evans function was widely
used to study point spectrum of linearization along special solutions, such as
various wave solutions, of systems of PDEs (see, for example, [8, 1, 11, 12, 5,
9, 6]) and the corresponding spectral problem is defined typically on the whole
space. For the problem at hand, the eigenvalue problem is a boundary value
problem but the idea for the construction of an Evans function is the same.

Lemma 4.2. A number \ € C is an eigenvalue if and only if E(X, ) = 0.

11



Proof. Suppose A is an eigenvalue. Then there exists a nonzero solution Z(y) =
Z(y; A\, B) # 0 of the boundary value problem (4.19). Let Z(0) = (0,¢y,0, ¢2)
and Z(1) = (0, ¢3,0, ¢q) for some ¢;’s, not all zeros. Since Z(0) = ¢1Z,(0; A\, B) +
c2Z5(0; A\, B) and Z(1) = c3Z3(1; N, B) 4+ caZ4(1; A, 3), one has

Z(y) = ClZl(y; Av ﬁ) + CQZQ(y; /\7 /B) = C3ZB(y; )\a 5) + C4Z4(y; Aa 6)

Therefore, E (A, 8) = 0. On the other hand, if E(\, 8) = 0, then
1 Zi(y; A, B) + caZa(y; A, B) + caZs(y; A, B) + caZa(y; A, B) = 0

for some ¢;’s, not all zeros. Since Z; and Z, are linearly independent, and Z3 and
Z, are linearly independent, it cannot happen that ¢; = ¢, =0 or ¢3 = ¢4 = 0.
Therefore,

Z(?/) = 0121(3/; A, 5) + chg(y; )\75) = —0323(% )\aﬁ) - C4Z4(?/§ )\75)

is a nonzero solution of the boundary value problem (4.19), and hence, the
number A is an eigenvalue. [

4.2 Zero eigenvalue and its bifurcation for \ € R.

In system (2.6) for the steady-states of (1.3), we introduce p = v(r)u, and
q = 6r, + u. System (2.6) becomes

1 1 1
Uy :Mp, py =0, ry= 547 5% W= 0. (4.22)

It can be checked directly that

Lemma 4.3. System (4.22) has three integrals given by

1
Hi=p, Hy=q, Hy=(q- w)? 46 f(r)p.

When A = 0, system (4.19) of eigenvalue problems is reduced to

Lp-mtp poo poto-lu -0 ax

which is nothing but the linearization of system (4.22) along the solution z =
(u,p,7,q) of (4.22). We have

Lemma 4.4. System (4.23) has three integrals G; = (VH;(z), Z):

Gi =P, Cy=Q. Ga=—(q—wU + /)P + LR+ (q—u)Q.

v(r)

12



Proof. One can verify the statement directly. In general, if H(z) is an integral
for a nonlinear system z'(t) = F(z), then its linearization Z' = DF(z(t))Z
along a solution z(t) has an integral given by G = (VH (z(t)), Z). O

As a consequence, we have

Lemma 4.5. The principal fundamental matriz solution ®(y) at y = 0 of sys-
tem (4.23) is

Uy) = [ )0 + 1

Ui) == o [ oo

Ui0) == 5 || w00 = 1=,

Ri(y) = ) - S0 = Tl O 0P [ apa,
Ra(y) =) - 100,

Rs(y) —:,E'Z)) Us(y) + Z:g;

Rilo) = B0 + 5t =~ )

Proof. We construct only the second column of ®(y) and the other columns can
be found similarly. Suppose that (U, P, R, Q)7 is a solution of (4.23) with with
the initial condition es. It follows from Lemma 4.4 that, for all y,

P(y) = G1(0) = 1, Q(y) = Go(0) = 0, 67U + 6£(r) + 6u'R = G5(0) = 0.

Substituting R = Lty g fo,") into the U-equation of (4.23), we get

u u

vU' + 0,7'U = v, f(r) + 1.
Therefore,

U:-A%wﬂm+nﬁ.

()

13



Hence,

This completes the proof. [
Recall that @(8) = 40D(8) in (2.14) where D(f3) is defined in (2.9).

Theorem 4.6. The number A =0 is an eigenvalue associated to B, > 0 if and
only if W' (Bs) =0 (or equivalently, D'(5.) = 0).

Theorem 4.6 follows from Lemma 4.2 and
Proposition 4.7. For 3 >0, E(0,8) = —85%u/(83)/u*(j3).
Proof. Recall the definition of Z;(y; A, B), for j = 1,2, 3,4, given next to system
(4.20). Denote Z3(y) = Z;(y;0, 6) for simplicity.

Tt follows from Lemmas 4.5 and 4.1, (2.12), (2.13), (2.14) and v/(1) = M? /v,
that,

E(O7 B) = det(Z?(1)7 Zg(l)a Zg(l)a Zz(l)(l)) = det(q)(l)e% @(1)647 €2, 64)
(1) —r'(0) 86 ([ (4.24)
= —"" 1) =—— t t)dt+1|.
) = = ([ s+
Using the symmetry of r(y) with respect to y = 1/2 established in the proof
of Theorem 2.2 and expression (2.12) and a number of substitutions, we have

Aﬁuwuﬁ f] ””

f(?“
B V20 sv-(g(8))d'(s) .
B 4 v 5 - (4.25)
_ V2982 / " ton(g(B)g'(BE) .
M/, VI—t

_ V2082 [tg"(B) , _ 408° [Mtg"(Bt)
M Jo VI-t u Jo VI—t
In the second to last step, we have used the relation ¢”(s) = v,(g(s))g'(s) from
g'(s) =v(g(s)) (see Lemma 2.1).
Recall that

dt.

) =40

tg” 6t
\/_ + 4683 / (4.26)

Substitute (4.25) into (4. 24) and use (2 ) and (4.26) to get

E(0,5) = — 862 ( 5ﬁ/ (ﬁ))

g
_ 852 (45ﬁ / tg// 5 ‘) i+ 49 _(*Bt) dt)
spas)
w ()

14



This completes the proof. ]

In general,
Lemma 4.8. If, for some positive integer k, '(B,) = --- = a®(B,) = 0, then
IE O'E 832
et o _ *  —(k+1)
aﬁj(()ﬂ) 0 for j <k and aﬁ’f(oﬁ)_ EQ(B*)U (By).

The main technical result is

Proposition 4.9. If 8, is a critical point of u(B), then

E\(0, 5,) —1656*L(5*)
where
R (/0 jf@dﬁ - /0 g(57) (1 = V1—7) F(r, )dr
- ( o1 \g/,QdT) i /Olgl(ﬁﬂmG(ﬂ B)F(r,B)dr
where

F<T> ﬁ) = /OT tg'(ﬁt)(l - t)73/2dt, G(T, 5) = /Tg/(ﬁtxl — t)*3/2dt,

A= \/TT /mFTﬁdT—/mGTﬁ) (r, B)dr

It then follows that

Corollary 4.10. Fiz v(r) and let B, be a critical point of u(5). If A <0 or if
A >0 but 6 > 0 is small enough, then E\(0,5,) < 0.

Remark 4.11. We could not prove but suspect that A < 0 is always true for
decreasing functions v(r) considered in the model problem.

Before a proof of Proposition 4.9, we state our main result as a simple
consequence.

If E£(0,8,) =0 and E\(0, 8.) # 0, then, by the Implicit Function Theorem,
there exists an > 0 and a unique smooth function A(3) for g € (6. —n, B« +n)
such that A\(5,) = 0 and E(A(B),5) =0 for all 5 € (8. —n, 5« +n). Then,

Eg(A(B), 8) + Ex(N(B), B)N(B) =
for all 5 € (B« — n, B« +n). In particular,

’ _ _E5(0>5*) _ 863'&”(6*)
MO = "F0.5.) ~ @(5)EN0, B (4.27)

As consequence of Corollary 4.10 and the above formula (4.27), we have
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Theorem 4.12. Assume the condition in Corollary 4.10 so that E\(0, 5,) < 0.

(i) If B, satisfies @' (Bs) = 0 and u”(Bs) < 0, then, for f < Bi but close,
there is exactly one negative eigenvalue close to zero (bifurcating from the
zero eigenvalue of By ); for 5 > B but close, there is exactly one positive
eigenvalue close to zero (bifurcating from the zero eigenvalue of B, ).

(i) If B. satisfies u/'(5.) = 0 and @”(Bs) > 0, then, for < B, but close,
there is exactly one positive eigenvalue close to zero (bifurcating from the
zero eigenvalue of B, ); for > B. but close, there is exactly one negative
eigenvalue close to zero (bifurcating from the zero eigenvalue of B ).

Remark 4.13. In general, if u™(B,) =0 fork=1,--- ,n and u"V(B,) # 0,
then, from Lemma 4.8,

85%u" ) (8,)
ﬂ2(ﬁ*)E/\(0, ﬁ*) ‘

One can then make conclusions on the bifurcation of the zero eigenvalue for

B # B, but close to B..

)\(k)</8*)20 fOT’ k:172a 7n_17 A(n)(ﬁ*>:

5 Proof of Proposition 4.9

We start with some preparation.

Lemma 5.1. Ry(0) = Ry(1) = 0 and Ry(y) < 0 for y € (0,1) and Ra(y) is
monotone for y € [0,1/2).

Proof. Note that r3(y; 8.) = pp(B«)R2(y). Recall from (2.12) that, for y €
(0,1/2),
(g 8) = V26 TM(B) (8~ f(r(y: 5)'”,

and hence,

ry =aly; B)rs +

2 (M(ﬂ)

3B —f(r) \ 2 + Mp(B) (B — f(r))) :

where

ME)
0(r)/28(3 - 1)

Denote ¥(y) the principal fundamental matrix solution with system matrix
a(y; 5). Then, noting that r3(0; 8*) =0,

a(y; B) = —

T’B(y;ﬁ*)z/oyxp(y)qu(t) 55 2 (M(ﬁ*)

—f(n) 9 + Mp(Bs) (Bs — f(r))) dt.
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It follows from

i -1/2 X *—3/2
R

that, for y € (0,1/2),

P 4 My(8) (5. - £09) = B2 ) > 0

Therefore, r3(y; B) > 0 for y € (0,1/2). The statement for Ry(y) follows.

Lemma 5.2. If B, is a critical value of u(3), then

1 //(5>k ) gt — % v ﬁ(ﬁ*) . _ﬂ(6*> U1

o VI—t 8982 B, 46p2 85B  B.

! . o 1 45’01 o ﬂ(ﬁ*) _ 1
[ ot = - - 22 v =1 2 Ry =

Proof. 1t follows from the same line in (4.25) that, for any S,

463 (1 g"(Bt)
u(B) Jo V11—t

If B, is a critical value of @(5), then, from (2.14) and (4.26),

4032 [Mtg"(But) ,, _ Ytg"(Bt) , _ u(B)
W) ), _1_tdt——1 or i —1—tdt__45ﬁf'

dt.

/ o (r(t )t =

Now,
' (1 — t) " — /
R Rl O
O g(Bat) , _ulB) v
B 25* 0 m 8082 B
Thus,

Vi—t 8 B, 4052 8B B

Other statements follow immediately.

/1 g"(B:1) dt — u(B.) v u(B) _ u(B:) i

Lemma 5.3. If B, is a critical value of u(B), then Us(y) is odd and Ry(y) is

even with respect to y = 1/2.

17
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Proof. We will show that Us(y) is odd with respect to y = 1/2 from which it
follows by the relation in Lemma (4.5) that Ry(y) is even. Fix y € [0,1]. Note

that from the symmetry of r(y) we have

/ 0, (r(0) F(r(1)) dt = / () Fr(t)) dt.

Lemma (4.7) and the above give

0 :/0 (o (r () F(r(t)) + 1) dt

=/0y (v (r@) f(r(1)) + 1) dt+/0 B (v (r(@) f(r(t)) + 1) dt.

This implies —U(y) = U(1 — y) proving the result.

It follows from (4.21) and Lemma 4.1 that

EA, B) =det(Z1(1; A, B), Zo(1; A, B), Z3(1; A, B), Za(15 A, B))
= det(Zl(L )\, ﬁ), Zg(l, )\, 6), €2, 64).

Hence,

EX0, B,) =det(Z14(1;0, Bs), Z2(1;0, B,), €2, €4)
+ det(Zl(l; Oa B*)a ZZ,)\(l; Oa B*)a €2, 64)-

At A =0, Z,(1;0, B.) = es and hence,
EN(0, By) = det(Z1.1(150, By), Z2(150, Ba), €2, €4).
If we denote Z; ,(1;0, 8.) = (E\1, Ea, E5, E4)T, noting that
Z5(1;0, B.) = (Ua(1),0, Ra(1), 1),

then

E\(0,8,) =Us(1)Es— Ry(1)Ey = Zjl((ll)) _

du'(1)
It is known that Z; z(y) = Z1,(y; 0, 5.) is a solution of
7' = A(y; 0, 8.)Z + Ax(y; 0, 8.) Z1(y; 0, B..)

with initial condition Z(0) = 0. Hence,

Zia) = o) [ " () A (0, ) Zu (80, B.) .

0
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Using Lemma 4.5, one has

Ui(1) 0 Us(1) Ua(1)
0 1 0 0
YW =1 R1) 0 Ry(1) Ri(1)
0 0 0 1
and
Rs UsRy — UyRs —Us UsRy — U,Rs
v | o 1 0 0
e (y) = —R, UsR—URy, U, UsR,—UR,
0 0 0 1
Also,
0000
1000
AA(y;O,b’*): 000 0
0010

If we denote
1
/ (I)71<t)‘4>\(t7 07 B*)Zl (tv 07 B*)dt = (Sla 527 SS; S4)T7
0
then
1 1
Sl :/ (UQ(U?,RQ — U2R3) + RQ(U3R4 — U4R3)) dt, SQ = / Ugdt,
0 0
1 1
S3 :/ (Us(UsRy — Ui Ry) + Ro(UsRy — Uy Ry)) dt, Sy = / Roydt.
0 0

It then follows from (5.30) that
E1 = Ul(l)Sl + Ug(l)Sg + U4(1)S4 and E3 = Rl(l)Sl + Rg(l)Sg + R4(1)S4

Using the fact that 7'(0) = —r'(1) = @/2), «'(0) = «/(1), and the relations
in Lemma (4.5) it is easy to show that

E\(0,8,) = ((0)6) (+'(0)S; — u'(0)Ss) — 285.

For convenience we consider the integrands L; and Lz of S; and S3 respectivly.
It follows from Lemma 4.5 that

UsRy — Ui Ry = Ry,

which gives
Ly =UR, — UUyRy + R Ry
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The expanded terms in L, are

!/

UsRy — UyRy = “mm——m>&—@(f —wmm)

r'(0) r'(0)  r'(0)
u’(O)v1 u'(0) r u'(0)
R UR U- R, U-
R LT () R (0 () M
and
u'(0) r u'(0)
UsRy — UyRy = WU<__M) w%;w—ma&
u(O) u'(0) r r
——R —U; — ——
PO o) T ) o)
Hence
' (0) U1 r U1
w®h:;%&—m@&—REW+@&—;&&
Ryt UR— R
+ Ity 2+W 1 Q—W 2
/Ul ,r,/ / ,r,/
=—U,Ry — U R R —UR —R Ls.
, Vel w(0) 2 1ty + —— 2(0) 1t — 7 (0) 2+ L3

As a consequence of Lemma 5.3, after integration over the interval [0, 1], the
first two terms “U, Ry and «'(0)r'U3 will vanish. Thus, we drop these terms. It
follows from Lemma 4.4 that —r/(0) = —r'U; +u'R;, which gives the reduction

r(0)Ly = (r'(0) — r") Ry + u'(0) L3
Again we drop the term 'Ry, as it will vanish after integration, to obtain
r(0) Ly — 4/ (0) Lz = 7' (0) Ry (5.31)

Turning our attention back to Ls, since
/Oyrf(t)Ul( )dt = /yr,(o d (f(r(t)))/ v (1(s ))ds—i—vljt[f( (t))] dt
(7"(0 r(t)) dt + vl>

< (t) + 1dt) ' (0)y
=v(r(y)f(r)Ui(y) = v(ry))r'(0)Ua2(y) + r'(0)y,

after expanding Us Ry — Uy Ry we have

1 1 t
1
U2R, — U, Us Ry dt = U — R ds dt. 5.32
/0 20T A / 2/ov<r<s>> 1(s) ds (5.32)
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Finally, noting that —dRy(y) = fo Us(t) dt, we integrate the above expression
by parts and combine with (5.31) to obtaln

E)‘(O’B*):%/O Ry(t) dt—2/0 R1(t)R2(t>dt—2/O —U(T(S(t))

It is easy to check that, for any function ¢(v) and 1 (v) = vp(v),

Ry (t)Ro(t) dt.

1/2

/ o) Rady =2 | 6(u(r) Rady

0

1/2 1/2
iz [ o s vardy - 575 [ 1wy
We have
1/2 y
/ S(o(r(y) (y) / (v,f + 1)dedy
/gb / (v f + 1)dtdp
L [ L
ﬁM/o A NV e T R
o[
”“”89”(8)+ g'(s)
\/_M/ U(g s dsdw
\fﬁ3/2/¢ (8.7)) /Tﬁtg” t+g (B1) 1y
fg3/2/¢ (B.7)) / tgllﬁ_t))tdth
and
1/2
[ s g [ ii” T
sq'(s)¥(g'(s))
\/_M/ —s ds
VORI t g (Bar)ig (Be))
VoM o Vi—T1 '
Also
| b=ty g - o i~ | eaa -0




Therefore,

\/_53/2

| ety -~ Y

/w 67/ g (Bt)(1 — )~ 2dt dr.

Note that
Yw+6
| R ) Rety)dy
0

(o OO e

:_/17“’(?)
—%/01 (v +5Rdy+ 2 /1/2 /
)//2 / RQdy

T [
and

1/2 1/2 5 1 1/2 5 y 1/2
/ 7! vyt il Ry (y)dy :—/ i7”’7”’/ (v f + 1)dt/ vpdtdy
v M? 0 0 Y

0 Y v

1 2 1/2
- — (v+ 5)fr’/ v.dtdy
) y

R2 dy

R2 dy

v+5

R2d%

_:W<]1_]2)
Now,
VM [ u(p) +6 - ) k&
R SR =T [ /1(p)vrdtdp
_ Vo [u(p) +9 oz )f()+1 T_wl)
~i ), o VAT [ V.- f B/ T Rl Ay [ R
Ve [Culp)+6 sg"( () A ACON
s ) e d/ﬂwﬁ*—sd v

\/_M/ q) + ) \/7/ ng >ds/qﬁ* \/i;;(%)sdsdq,
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and
/2

L= [ 0w+ [ vatdy

r=1(p)

_ Vo, CwE)
—fM/ w0 [ e

\/_M/ /)%Mp
\/_M/ /ﬁ* \/gﬁ/f%)sdwq'
Therefore,
11—12——2}3]\4 " @)+ 0 \/7/ 3/2 s/qﬁ* \/gﬁz(i_)sdsdq
— ;(ﬁj\/; ((ﬁ*)+6\/1T/ 1_t3/2dt/lg\;§’6_itzdtdr.

Set, as introduced in the statement of Proposition 4.9,

F(r,B.) = /OT %dt.

Then,

_;/_j_é—AgE)ZEA(O,B*) :/0 (85_5 +9'(B.7) +5) (Ber)E (7, B.)dr

+ B*/O (¢'(B.7) + V1 — TF(1, 3.) \;@dtd

It follows from Lemma 5.2 that

.o () + VI [ PO = (g 5oy 4 OVT ( T )
— Bu(d'(BeT) + 0)V1 — T/OT \;15__*ttdt

and
5o+ OVT=T [ L () 4 oVT=T [ I
== () + VT (LD o) [y - o)

(ﬁ* ) ) (5* )+U1< (5* ) ) 1—7‘
(9 (67>+6v1—7/ "(B,)(1 —t)73dt.
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If we set

G(r,B.) = / ()L — £y,

8.8 V2M3u V25 M3
L(B.) :?WEA(QB*) = WEA(O,/B*),

Then,
19 = [ @60+ VTR0 [ (rF( s
-2 / (4 (57) + OV T=7G(r B)F (7. §)dr
([ A )1A [ 96 (- vT7) #ir )i
( T)_l / G (BrVT=7G(r, B)F(r, B)ir

where

A- /m mpfgdf_/mmm (7, B)dr

This then completes the proof of Proposition 4.9.

6 Hysteresis: a numerical simulation of dy-
namic boundary conditions

Our bifurcation analysis of the zero eigenvalue shows the stability change of
the steady-state when [ crosses critical points of @(/3). For a certain potential
functions v(r) (see the example at the end of Sect. 2), the function u = 46 D(3)
is cubic-like and the condition in Corollary 4.10 holds. Assume we are in this
case. Let % be the local maximum value and let %y be the local minimum
value. The stability result suggests the following scenario for a hysteresis: if we
consider the dynamic boundary condition by letting @(t) increase in ¢ slowly
from small value to large value, then, for ¢ < ; so that u(¢;) = ;, the solution
(u(y,t),r(y,t)) of (1.3) and (1.4) with w = u(¢) will behave closely to the left-
branch of steady-states associated to u = u(t) and, for ¢ > ¢, the solution
(u(y,t),r(y,t)) will behave closely to the steady-state associated to u = u(t) >
u, on the right-branch; if we now reverse the dynamic boundary condition by
letting u(t) decreases slowly from large value to small value, then, for ¢ < o
where t5 is the first time so that @(ty) = uy, the solution (u(y,t),r(y,t)) will
behave closely to the right-branch of steady-states associated to u = u(t) and,
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for t > tq, the solution (u(y,t),r(y,t)) will behave closely to the steady-state
associated to u = u(t) < @y on the left-branch. In particular, the two processes
are not reversible to each other over the range (s, %) of @; that is, this problem
possesses a hysteresis phenomenon. Although we could not justify this hysteresis
rigorously, a numerical simulation provides a strong support.

For the numerical simulation, we consider two ‘opposite’ dynamic boundary
conditions for (1.3) and (1.4) with

L, te]|0,T]
u=uy(t)=q ht), tel[h,T)]
R, te [T
and its ‘reverse’
R, t€[0,Ty]
ﬂ:ﬂ,(t) = h(Tl—f—TQ—t), te [TI,TQ]
L, t e [TQ, OO)

where L < 1y < 41 < R, Ty > T} > 1, and h(t) is increasing with h(T}) =
L and h(Ty) = R. So the first dynamic boundary condition @ = u(t) is
slowly increasing in t and the other u = wu_(t) slowly decreasing. For the
first boundary condition u = u,(t), we choose the steady-state associated to
boundary condition # = L as the initial condition and for the second the steady-
state associated to boundary condition u = R as the initial condition. Snaps
shots of the numerical simulation (u-component only) are provided in Figure 3
with the left set for « = u, (t) and the right for u = u_(t). It shows clearly that
the two sets of figures are not ‘reverse’ to each other.

Acknowledgment. The authors are grateful to the anonymous referee for
his/her careful review of and for pointing out mistakes made in the original
version of the paper, and for an observation that leads to Lemma 2.3.
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Figure 3: On the left hand side, beginning at the top, the right bound-
ary condition u is slowly increased. When a value of @ is near a critical
point @, ~ 10.98 or @y ~ 12.78, we pause the boundary condition in or-
der to converge to a steady state. The left hand side pauses at the values
up (1) = 10.6,u3 (1) = 11.1,u3 (1) = 12.7, and uj (1) = 12.9 and the right
hand, beginning from the bottom, pauses at the values ux(1) = 12.9,u%(1) =
12.6,u%(1) = 11, and ug(1) = 10.7.
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