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Abstract

In this work, we examine the stability of stationary non-transonic
waves for viscous isentropic compressible flows through a nozzle with
varying cross-section areas. The main result in this paper is, for small
viscous strength, stationary supersonic waves with sufficiently low den-
sity are spectrally unstable; more precisely, we will establish the ex-
istence of positive eigenvalues for the linearization along such waves.
The result is achieved via a center manifold reduction of the eigen-
value problem. The reduced eigenvalue problem is then studied in the
framework of the Sturm-Liouville Theory.

1 Introduction

In this work, we examine the stability of some stationary solutions for the
viscous compressible gas flows through a nozzle. The model system is

(aρ)t + (aρu)x =ε(aρx)x

(aρu)t + (aρu2)x + a(P (ρ))x =ε(a(ρu)x)x,
(1)

where ρ, u, P and a = a(x) are the density, velocity, pressure of the gas and
the area of the cross section at x of the rotationally symmetric tube of the
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nozzle. The pressure P is assumed to be a given function of the density ρ.
Our assumptions on the pressure P is:

For ρ > 0, P (ρ) > 0 and P ′(ρ) > 0;

lim
ρ→0+

P ′(ρ)

ρ
=∞, lim

ρ→0+
ρ2P ′(ρ) = lim

ρ→0+

ρ8P ′′′(ρ)

P ′(ρ)
= lim

ρ→0+

ρ9P (4)(ρ)

P ′(ρ)
= 0;

There exists M > 0 such that for ρ > 0,

∣∣∣∣ρP ′′(ρ)

P ′(ρ)

∣∣∣∣ ≤M.

(2)

For polytropic gas, P (ρ) = Aργ with some constant A > 0 and 1 ≤ γ ≤ 5/3
clearly satisfies the above assumption. Our assumption on a(x) is

lim
x→±∞

a(x) = a± > 0 and lim
x→±∞

ax(x) = lim
x→±∞

axx(x) = 0. (3)

The inviscid (ε = 0) system (1) is a well-known one-dimensional Euler
equation describing the motion of isentropic compressible fluid through a
narrow nozzle with variable cross-section area (see [1, 2, 3, 10, 11, 12, 13,
14, 16, 17, 18] etc.). The specific form of the viscous terms is not completely
physical and should be regarded as artificial one. The study of the problem
with the more physical viscosity is an ongoing project.

In [13], T. P. Liu studied global solutions of the initial value problem for
general quasilinear strictly hyperbolic systems including the inviscid isen-
tropic compressible gas flow:

wt + f(w)x = g(x,w).

Roughly speaking, it was shown that, for an initial data w0(x), if all eigen-
values λj(w) of fw are nonzero and the L1-norm of g and gw are small for w
uniformly close to w0, then a global solution exists and tends pointwise to a
steady-state solution. For polytropic gas flow, the main assumptions become
the flow at t = 0 is not close to transonic and that the total variation of the
cross-section area a(x) is sufficiently small.

T. P. Liu then focused on transonic waves of gas flow in a nozzle of varying
area via the inviscid ε = 0 model (1) in [14]. Various types of solutions were
shown to exist that demonstrated significant qualitative differences between
a contracting nozzle (for example, ax(x) < 0 for 0 < x < 1 and ax(x) ≡ 0 for
x /∈ (0, 1)) and an expanding nozzle (for example, ax(x) > 0 for 0 < x < 1
and ax(x) ≡ 0 for x /∈ (0, 1)). Asymptotic states along a nozzle that contracts
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and then expands (ax(x) < 0 for −1 < x < 0, ax(x) > 0 for 0 < x < 1 and
ax(x) ≡ 0 for x /∈ [−1, 1]) are also examined to exhibit a number of interesting
phenomena including the choking phenomenon.

In [10], S.-B. Hsu and T. P. Liu studied a singular Sturm-Liouville prob-
lem

εuxx = f(x, u)x − h(x)g(u) (4)

and applied the result to the viscous steady-state problem of (1) with more
physical viscosity terms. Assuming the nozzle is uniform outside a bounded
portion and is either contracting or expanding otherwise, they reformulated
the problem as a boundary value problem and gave a detailed analysis on
the existence, multiplicity and uniqueness of solutions. Viewing solutions of
the boundary value problem as steady-states of the corresponding reaction-
diffusion equation

ut = εuxx − f(x, u)x + h(x)g(u),

stability results were also obtained.

Recently, in [6, 7], M. Hong, et al. studied the steady-state problem of sys-
tem (1) with different choices of the viscosity and for expanding-contracting
(ax > 0 for x < 0 and ax < 0 for x > 0) and contracting-expanding (ax < 0
for x < 0 and ax > 0 for x > 0) nozzles. They applied the geometric
singular perturbation theory to provide a rather complete description of sta-
tionary waves for both the inviscid and viscous systems, and found classes of
new types of transonic waves. In particular, transonic waves from subsonic
to supersonic are constructed for contracting-expanding nozzle. In [8], the
maximal sub-to-super transonic wave is shown to be linearly stable.

In this paper, we will conduct a case study and examine the stability of
stationary non-transonic waves – simplest steady states ([6, 7]). Our main
result is that supersonic waves with sufficiently low density are spectrally
unstable as long as ax(x) changes sign; more precisely, we will establish the
existence of positive eigenvalues for the linearization along such waves (see
Theorem 5.1). Our result is directly relevant to the stability result in [13]
where T.P. Liu constructed global solutions for quasilinear hyperbolic sys-
tems and studied their asymptotic behaviors. In particular, under some con-
ditions, he established the stability of supersonic and subsonic waves. There
seems to be a contradiction between T.P. Liu’s stability result with our in-
stability results. Our explanation lies in the following two reasons: first of
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all, the conditions under which the stability result of T.P. Liu do not hold for
supersonic waves with sufficiently low density, secondly, T.P. Liu considered
hyperbolic systems and we have the viscosity terms. An interesting observa-
tion is that, a certain form of viscosity might cause stable waves for inviscid
flows to be unstable.

Our instability result relies on a center manifold reduction of the eigen-
value problem. The reduced eigenvalue problem turns out to be a quadratic
eigenvalue problem and it is then studied via the Sturm-Liouville theory.
The method of center manifold reduction in stability study has been applied
by others (see, e.g., [15]).

The rest of the paper is organized as follows. We recall, in Section 2,
the relevant existence results on stationary waves from [6, 7]. In Section 3,
we set up the eigenvalue problem and make a center manifold reduction of
the eigenvalue problem. Section 4 focuses on the ε = 0 limiting reduced
eigenvalue problem and provides a symmetric structure of eigenvalues for
symmetric nozzles. We then show that supersonic waves with sufficiently
low density are spectrally unstable in Section 5 to complete the paper.

2 Steady-state problem

We recall the relevant existence result on stationary non-transonic waves
from [6, 7] with a slight extension. To distinguish the variables from those of
the linearization, we use ρ̄, etc. for the stationary solutions. We introduce
new variables

w̄ = εa(ρ̄ū)x − a(ρ̄ū2 + P (ρ̄)), v̄ = εaρ̄x − aρ̄ū. (5)

The steady-state system of (1) becomes,
ερ̄x = v̄a−1 + ρ̄ū,
v̄x = 0,
εūx = a−1ρ̄−1(w̄ − v̄ū+ aP (ρ̄)),
w̄x = −axP (ρ̄).

(6)

Note that v̄ = v̄(ε) is constant. We also introduce a variable η ∈ (−1, 1) via
ηx = 1 − η2. It is obvious that η(x) is increasing in x and η(±∞) = ±1.
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This well-known trick allows one to replace the x-variable in a(x) with x(η)
so that system (6) becomes an autonomous system

ερ̄x = v̄a−1 + ρ̄ū,
εūx = a−1ρ̄−1(w̄ − v̄ū+ aP (ρ̄)),
w̄x = −axP (ρ̄),
ηx = 1− η2.

(7)

System (7) is the so-called slow system. In terms of the fast time ξ = x/ε,
the corresponding fast system is

ρ̄ξ = v̄a−1 + ρ̄ū,
ūξ = a−1ρ̄−1(w̄ − v̄ū+ aP (ρ̄)),
w̄ξ = −εaxP (ρ̄),
ηξ = ε(1− η2).

(8)

The limiting slow and fast systems are, respectively,
0 = v̄a−1 + ρ̄ū,
0 = a−1ρ̄−1(w̄ − v̄ū+ aP (ρ̄)),
w̄x = −axP (ρ̄),
ηx = 1− η2,

(9)

and 
ρ̄ξ = v̄a−1 + ρ̄ū,
ūξ = a−1ρ̄−1(w̄ − v̄ū+ aP (ρ̄)),
w̄ξ = 0,
ηξ = 0.

(10)

The slow manifold Z0 is given by

Z0 =
{
aρ̄ū+ v̄ = 0 and w̄ − v̄ū+ aP (ρ̄) = 0

}
.

For the linearization of system (10) along Z0, the eigenvalues r1 and r2

in the directions transversal to Z0 are those of(
ū ρ̄

ρ̄−1P ′(ρ̄) ū

)
,

that is,

r1(ρ̄, ū, w̄, η) = ū−
√
P ′(ρ̄) and r2(ρ̄, ū, w̄, η) = ū+

√
P ′(ρ̄).
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Recall that
√
P ′(ρ̄) is the sound speed. Thus, (ρ̄, ū) is called a supersonic

(resp. sonic or subsonic) state at x if ū(x) >
√
P ′(ρ̄(x)) (resp. ū(x) =√

P ′(ρ̄(x)) or ū(x) <
√
P ′(ρ̄(x))). Set

Zu0 ={(ρ̄, ū, w̄, η) ∈ Z0 : ū >
√
P ′(ρ̄), ρ̄ > 0, η ∈ [−1, 1] },

Zs0 ={(ρ̄, ū, w̄, η) ∈ Z0 : ū <
√
P ′(ρ̄), ρ̄ > 0, η ∈ [−1, 1] },

T ={(ρ̄, ū, w̄, η) ∈ Z0 : ū =
√
P ′(ρ̄), ρ̄ > 0, η ∈ [−1, 1] }.

Then Z0 = Zs0 ∪T ∪Zu0 . The portion Zs0 is (normally) saddle and consists of
subsonic states, Zu0 is (normally) repelling and consists of supersonic states,
and T is the set of turning points and consists of sonic states.

For the dynamics of the limiting slow flow on Z0, we differentiate

ū = −v̄a−1ρ̄−1 and w̄ = −v̄2a−1ρ̄−1 − aP (ρ̄)

with respect to x and use system (9) to get

−aP ′(ρ̄)ρ̄x + v̄2a−2axρ̄
−1 + v̄2a−1ρ̄−2ρ̄x = 0.

Thus, the limiting slow dynamics on Z0 can be represented by the system

ρ̄x =
v̄2a−3axρ̄

−1

P ′(ρ̄)− v̄2a−2ρ̄−2
, ηx = 1− η2. (11)

It can be checked directly (see [6, 7]) that system (11) has an integral

I(ρ̄, η) = E(ρ̄) +
v̄2

2a2(x(η))ρ̄2
where E(ρ̄) =

∫ ρ̄

ρ̄0

P ′(s)

s
ds. (12)

By an inviscid non-transonic wave, we mean, for each fixed v̄ < 0, a
solution (ρ̄(x), ū(x), w̄(x), η(x)) of system (9) so that rj 6= 0 for j = 1, 2. By
a viscous profile of (ρ̄(x), ū(x), w̄(x), η(x)), we mean, for v̄(ε)→ v̄ as ε→ 0,
a solution (ρ̄(x; ε), ū(x; ε), w̄(x; ε), η(x)) of system (7) so that

(ρ̄(x; ε), ū(x; ε), w̄(x; ε), η(x))→ (ρ̄(x), ū(x), w̄(x), η(x))

as ε→ 0 in L1
loc.

The following result can be readily obtained. For more complete results
and proofs, we refer the readers to the papers [6, 7].
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Theorem 2.1. Fix v̄ < 0. For any ρ̄− and ρ̄+, there is an inviscid non-
transonic wave (ρ̄(x), ū(x)) for system (9) or (11) with a(x)ρ̄(x)ū(x) + v̄ = 0
and ρ̄(x)→ ρ̄± as x→ ±∞ if and only if∫ ρ̄−

ρ̄0

P ′(s)

s
ds+

v̄2

2a2
−ρ̄

2
−

=

∫ ρ̄+

ρ̄0

P ′(s)

s
ds+

v̄2

2a2
+ρ̄

2
+

and the level set L lies entirely in either Zs0 or Zu0 where

L = {(ρ̄, η) : I(ρ̄, η) = I(ρ̄−,−1) = I(ρ̄+, 1)}.

Any such a non-transonic wave admits viscous profiles.

In the rest, we consider the stability of viscous profiles for system (1).

3 The eigenvalue problem and a center man-

ifold reduction

With the same new variables introduced in (5), we rewrite system (1) as
ερx = a−1v + ρu,
vx = (aρ)t,
εux = a−1ρ−1(w − vu+ aP (ρ)),
wx = (aρu)t − axP (ρ).

(13)

Let (ρ̄(x; ε), v̄(x; ε), ū(x; ε), w̄(x; ε)) be a stationary wave for ε ≥ 0. In
the following, we will drop the argument (x; ε). It should be clear from the
context when ε = 0 and when ε > 0.

The eigenvalue problem for the stationary wave is
ερx = a−1v + ρ̄u+ ūρ,
vx = λaρ,
εux = −a−1ρ̄−2 (w̄ − v̄ū+ aP (ρ̄)) ρ

+a−1ρ̄−1 (w − v̄u− ūv + aP ′(ρ̄)ρ) ,
wx = λaρ̄u+ λaūρ− axP ′(ρ̄)ρ.

(14)
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We will treat this problem as a singularly perturbed problem. In terms of
the fast scale ξ = x/ε, it becomes

ρξ = a−1v + ρ̄u+ ūρ,
vξ = ελaρ,
uξ = −a−1ρ̄−2 (w̄ − v̄ū+ aP (ρ̄)) ρ

+a−1ρ̄−1 (w − v̄u− ūv + aP ′(ρ̄)ρ) ,
wξ = ε (λaρ̄u+ λaūρ− axP ′(ρ̄)ρ) .

(15)

Next, we augment the eigenvalue problem (15) with the steady-state sys-
tem (7) to obtain an autonomous problem as the following:

ρξ = a−1v + ρ̄u+ ūρ,
vξ = ελaρ,
uξ = −a−1ρ̄−2 (w̄ − v̄ū+ aP (ρ̄)) ρ

+a−1ρ̄−1 (w − v̄u− ūv + aP ′(ρ̄)ρ) ,
wξ = ε (λaρ̄u+ λaūρ− axP ′(ρ̄)ρ) ,
ρ̄ξ = v̄a−1 + ρ̄ū,
v̄ξ = 0,
ūξ = a−1ρ̄−1(w̄ − v̄ū+ aP (ρ̄)),
w̄ξ = −εaxP (ρ̄),
ηξ = ε(1− η2).

(16)

The phase space of this system is R9 with the variable (ρ, v, u, w, ρ̄, v̄, ū, w̄, η).

Viewing system (16) as a singularly perturbed autonomous system, the
slow manifold S0 is given by

S0 =
{
ρ̄ū+ v̄a−1 = 0, w̄ − v̄ū+ aP (ρ̄) = 0,

a−1v + ρ̄u+ ūρ = 0, w − v̄u− ūv + aP ′(ρ̄)ρ = 0
}

=
{
ū = −v̄a−1ρ̄−1, w̄ = −v̄2a−1ρ̄−1 − aP (ρ̄),

u = −a−1ρ̄−1v + v̄a−1ρ̄−2ρ, w =
v̄2

aρ̄2
ρ− 2v̄

aρ̄
v − aP ′(ρ̄)ρ

}
.

(17)

Note that S0 contains equilibria of the limiting fast system (16) with ε = 0
and dimS0 = 5.
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The linearized matrix of system (16) with ε = 0 at each point on S0 has
the form  R ∗ ∗

0 R ∗
0 0 0


where

R =


ū a−1 ρ̄ 0
0 0 0 0

ρ̄−1P ′(ρ̄) −a−1ūρ̄−1 −a−1v̄ρ̄−1 a−1ρ̄−1

0 0 0 0

 . (18)

The sets of eigenvalues are {0, r1, r2} where the zero eigenvalue with multi-
plicity five corresponds to the dimension of the slow manifold S0 and where

r1 = ū−
√
P ′(ρ̄), r2 = ū+

√
P ′(ρ̄) (19)

each with multiplicity two.

We will consider only non-transonic stationary wave (ρ̄, v̄, ū, w̄), that is,
for any x, ū(x) 6=

√
P ′(ρ̄(x)). In this case, both r1 and r2 are non-zero, and

hence, S0 is normally hyperbolic. The normally hyperbolic invariant manifold
theory then implies that, for ε > 0 small, S0 persists and the perturbed slow
manifold has the form

Sε =
{
ū = −v̄a−1ρ̄−1 + εG, w̄ = − v̄

2

aρ̄
− aP (ρ̄) + εF,

u = −a−1ρ̄−1v + v̄a−1ρ̄−2ρ+ ε(h1v + h2ρ),

w =
v̄2

aρ̄2
ρ− 2v̄

aρ̄
v − aP ′(ρ̄)ρ+ ε(F1v + F2ρ)

}
,

(20)

where the argument for the functions F , G, Fj’s and hj’s is (ρ̄, v̄, η, ε).

Remark 3.1. The normally hyperbolic invariant manifold theory ([4, 9]) re-
quires the invariant manifold to be bounded or compact. The slow manifold
S0 is not. We can certainly restrict the (ρ̄, v̄, ū, w̄, η)-component to a bounded
neighborhood of the steady-states but the eigenvalue problem needs the whole
linear (ρ, v, u, w)-component. To get around this non-boundeness, one can
view the first four linear equations in system (16) as defined in the projective
space of R4 so that homogeneous (ρ, v, u, w)-component lies in the compact
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projective space. The normally hyperbolic invariant manifold theory can be
applied and, afterwards, one can return back to the original setting. This
also explains why the extra terms in u and w for Sε take the special form.

The idea is then to reduce the eigenvalue problem (16) onto Sε. To do
so, we first substitute (20) into (7) and (14), and after some tedious algebra,
we find, up to O(ε), that

G =
v̄2a−2axρ̄

−1

aρ̄ (P ′(ρ̄)− v̄2a−2ρ̄−2)
, h1 =

λ+ 2v̄a−2axρ̄
−1 + 2v̄a−1ρ̄−1G

aρ̄ (P ′(ρ̄)− v̄2a−2ρ̄−2)
,

h2 =− 2λv̄ρ̄−1 + v̄2a−2axρ̄
−2 + v̄2a−1ρ̄−2G+ aρ̄P ′′(ρ̄)G+ aP ′(ρ̄)G

aρ̄ (P ′(ρ̄)− v̄2a−2ρ̄−2)
.

(21)

On the center manifold Sε, up to O(ε2), the first four equations in system
(16) are reduced to a system of two equations,

ρξ = va−1 + ρ̄(−va−1ρ̄−1 + v̄a−1ρ̄−2ρ+ ε(h1v + h2ρ))
+(−v̄a−1ρ̄−1 + εG)ρ

= ε ρ̄h1v + ε(ρ̄h2 +G)ρ,
vξ = ελaρ.

(22)

If we return to the x-variable, the latter system becomes

ρx =f(ρ̄, v̄; ε)v + g(ρ̄, v̄; ε)ρ, vx = λaρ (23)

where f = ρ̄h1 +O(ε) and g = G+ ρ̄h2 +O(ε). System (23) is referred to as
the reduced eigenvalue problem via the center manifold reduction.

4 The limiting eigenvalue problem with ε = 0

In this section, we will consider the limiting eigenvalue problem of (23) with
ε = 0:

ρx =f(ρ̄(x), v̄; 0)v + g(ρ̄(x), v̄; 0)ρ, vx = λaρ (24)

where ρ̄ = ρ̄(x) is the ρ-component of the inviscid stationary wave.

System (24) can be cast as

vxx −
(ax
a

+ g
)
vx = λafv. (25)
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Setting y = ve−
1
2

R
( ax

a
+g), we have

yxx −
(

1

4

(ax
a

+ g
)2

− 1

2

(ax
a

+ g
)
x

)
y = λafy. (26)

If we separate f and g into terms without λ and with λ as f = f1 + λf2 and
g = g1 + λg2, then equation (26) becomes

yxx −
(

1

4
q2 − 1

2
qx

)
y = λw1y + λ2w2y, (27)

where

q =
ax
a

+ g1, w1 = af1 +
1

2

(ax
a

+ g1

)
g2 −

1

2
g2x, w2 = af2 +

1

4
g2

2.

It follows from (21) that

q =
ax
a

(
1− v̄2a−2ρ̄5(P ′ + ρ̄P ′′) + v̄4a−4ρ̄3

(ρ̄2P ′ − v̄2a−2)3

)
, (28)

w1 = − v̄
2a−4ax(aūρ̄+ a−2)ρ̄−1P ′(ρ̄)

ρ̄2P ′(ρ̄)− v̄2a−2
, (29)

and

w2 =
ρ̄4P ′(ρ̄)

(ρ̄2P ′(ρ̄)− v̄2a−2)2 > 0. (30)

For later use, we collect some estimates

Lemma 4.1. As ρ̄→ 0+, ρ̄−1P ′(ρ̄)→∞, and

q2 + |qx|+ |qxx|+ w2 + |w2x| = o(ρ̄−1P ′(ρ̄)),

w1 = axρ̄
−1P ′(ρ̄)O(1), w1x = O(ρ̄−1P ′(ρ̄)).
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Proof. It follows from the displays (28), (29) and (30), and (11) that

q =
ax
a

+O(P ′ + ρ̄P ′′)ρ̄5 +O(ρ̄3),

qx =
(ax
a

)
x

+O(P ′ + ρ̄P ′′ + ρ̄2P ′′′)ρ̄5

+O(P ′ + ρ̄P ′′)ρ̄8P ′′ +O(ρ̄3),

qxx =
(ax
a

)
xx

+O(P ′ + ρ̄P ′′ + ρ̄2P ′′′ + ρ̄3P (4))ρ̄5

+O(P ′ + ρ̄P ′′ + ρ̄2P ′′′)ρ̄8P ′′ +O(ρ̄3),

w1 =axρ̄
−1P ′O(1), w1x = O(ρ̄−1P ′ + P ′′),

w2 =O(ρ̄4P ′), w2x = O(P ′ + ρ̄P ′′)ρ̄4.

The conclusion is then a direct consequence of the assumption (2).

We end this section with two simple results.

Lemma 4.2. If ax ≤ 0 and ax 6= 0, then, for every subsonic wave (ρ̄, ū), all
eigenvalues have negative real parts. If ax ≥ 0 and ax 6= 0, then, for every
supersonic wave (ρ̄, ū), all eigenvalues have negative real parts.

Proof. Let λ be an eigenvalue and let y(x) be an eigenfunction associated to
λ. We multiply the conjugate ȳ of y on (27) and integrate over (−∞,∞) to
get

−
∫
|yx|2 −

1

4

∫
q2|y|2 +

1

2

∫
qxyȳ = λ

∫
w1|y|2 + λ2

∫
w2|y|2.

An application of integration by parts for the third term on the left gives

−
∫ (

yx +
1

2
qy

)(
ȳx +

1

2
qȳ

)
= λ

∫
w1|y|2 + λ2

∫
w2|y|2.

Note that w2 > 0 from (30). In view of (29), we have w1 ≥ 0 and w1 6= 0 if
either ax ≤ 0, ax 6= 0 and (ρ̄, ū) is subsonic or ax ≥ 0, ax 6= 0 and (ρ̄, ū) is
supersonic. The conclusion then follows directly.

Lemma 4.3. Assume a(x) is symmetric with respect to x = 0 and (ρ̄, ū)
is a symmetric non-transonic steady-state. Then, eigenvalues occur in pairs
λ,−λ.

12



Proof. It is easy to check that 1
4
q2 − 1

2
qx is even, w2 is even, but w1 is odd.

Suppose y(x) is an eigenfunction associated to λ. Let ŷ(x) = y(−x). Then
ŷxx(x) = yxx(−x) and

ŷxx(x)−
(
q2(x)

4
− qx(x)

2

)
ŷ =yxx(−x)−

(
q2(−x)

4
− qx(−x)

2

)
y(−x)

=λw1(−x)y(−x) + λ2w2(−x)y(−x)

=(−λ)w1(x)ŷ(x) + (−λ)2w2(x)ŷ(x).

Thus, −λ is also an eigenvalue.

5 Instability of low density steady-states

We will consider now the case where ax(x) changes sign or simply the set
{x : ax(x) < 0} is not empty and show that supersonic waves with sufficiently
low density are unstable. Our main result is

Theorem 5.1. Assume the set {x : ax(x) < 0} is not empty. Then there
is a constant κ > 0 so that, if (ρ̄, ū) is a stationary supersonic wave and
|ρ̄| ≤ κ, then (ρ̄, ū) is spectrally unstable.

Theorem 5.1 is a direct consequence of Lemma 5.3 to be proved later. We
first recall a basic result from the Sturm-Liouville Theory.

Proposition 5.2. (Theorem 5.2 in [5]) Let r(t) > 0 be continuous and of
bounded variation on [x0, x1]. If y(x) 6= 0 is a real-valued solution of

yxx + r(x)y = 0

and N is the number of its zeros on (x0, x1], then∣∣∣∣N − 1

π

∫ x1

x0

√
r(x)dx

∣∣∣∣ ≤ 1 +
1

4π

∫ x1

x0

|rx(x)|
r(x)

dx.

Now, for any real λ, let

r(x;λ) = −1

4
q2(x) +

1

2
qx(x)− λw1(x)− λ2w2(x).

13



Then equation (27) becomes

yxx + r(x;λ)y = 0. (31)

It can be expressed as(
y
z

)
x

=

(
0 1

−r(x;λ) 0

)(
y
z

)
. (32)

In view of the assumption in (3) and the displays (28), (29) and (30), we
have

lim
x→±∞

q(x) = lim
x→±∞

w1(x) = 0,

and hence,

r±(λ) =: lim
x→±∞

r(x;λ) = −λ2 lim
x→±∞

w2(x) =
−λ2ρ̄4

±P
′(ρ̄±)(

ρ̄2
±P
′(ρ̄±)− v̄2a−2

±
)2 .

Thus, if λ is real and λ 6= 0, then r±(λ) < 0, and hence,(
0 1

−r±(λ) 0

)
has two real non-zero eigenvalues ±

√
|r±(λ)| with associated eigenvectors

vs±(λ) =
1

1 + |r(λ)|

(
1,−

√
|r±(λ)|

)T
, vu±(λ) =

1

1 + |r(λ)|

(
1,
√
|r±(λ)|

)T
.

The unit vector vs−(λ) (resp. vu−(λ)) is the stable (resp. unstable) eigenvector
of system (32) at x = −∞. The unit vector vs+(λ) (resp. vu+(λ)) is the stable
(resp. unstable) eigenvector of system (32) at x =∞.

Therefore, for any real λ 6= 0, there exists a unique solution (yλ(x), zλ(x))T

of (32) such that

|(yλ(0), zλ(0))T | = 1 and
(y(x;λ), z(x;λ))T

|(y(x;λ), z(x;λ))T |
→ vu−(λ) as x→ −∞.

In particular, yλ(x) 6= 0 is a solution of (31) and yλ(x)→ 0 as x→ −∞.

Let Nλ = Nλ(yλ(x)) be the number of zeros of yλ(x) on (−∞,∞). It
follows from the asymptotic hyperbolicity of (32) that Nλ is finite. Note that
Nλ is essentially twice the number of full clockwise rotations of the solution
(yλ(x), zλ(x))T of system (32) for x ∈ (−∞,∞).
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Lemma 5.3. Assume the set {x : ax(x) < 0} is nonempty. For any Λ > 0
and any positive integer n, there exists κ > 0 such that, if ρ̄ ≤ κ, then there
are at least n eigenvalues in (0,Λ).

Proof. From the assumption, there is δ > 0 so that U(δ) = {x : ax(x) < −δ}
is open and non-empty. For fixed Λ > 0, let

I(δ) = {x ∈ U(δ) : r(x; Λ) > 0}.

Due to (29) and Lemma 4.1, for x ∈ U(δ), limρ̄(x)→0 r(x; Λ) = ∞ and

there exists K > 0 such that
|rx(x; Λ)|
r(x; Λ)

≤ K. Hence, for any positive integer

n, there exists κ > 0 such that, if ρ̄ ≤ κ, then, I(δ) = U(δ) and

1

π

∫
I(δ)

√
r(x; Λ)dx− 1− 1

4π

∫
I(δ)

|rx(x; Λ)|
r(x; Λ)

dx > n.

Proposition 5.2 implies that

NΛ|I(δ) ≥
1

π

∫
I(δ)

√
r(x; Λ)dx− 1− 1

4π

∫
I(δ)

|rx(x; Λ)|
r(x; Λ)

dx > n.

Therefore, for ρ̄ ≤ κ, we have NΛ ≥ NΛ|I(δ) > n.

Now, fix any ρ̄ ≤ κ. If λ = 0, one verifies that

y(x) = exp

{
−1

2

∫ x

0

q(s)ds

}
is a solutions of (27) so that N(y(x)) = 0. By continuous dependence of
solutions on parameter λ and the asymptotic hyperbolicity of system (32), it
follows that, for any integer 1 ≤ j ≤ n, there exists λj ∈ (0,Λ) and a solution
yj(x) 6= 0 of equation (31) with λ = λj such that yj(x)→ 0 as x→ ±∞ and
N(yj(x)) = j. Each λj is then an eigenvalue with an eigenfunction yj(x).
Since, for i 6= j, N(yi(x)) 6= N(yj(x)), we have yi(x) and yj(x) are linearly
independent, and hence, λi 6= λj.
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