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Abstract

In this work, we examine the stability of stationary non-transonic
waves for viscous isentropic compressible flows through a nozzle with
varying cross-section areas. The main result in this paper is, for small
viscous strength, stationary supersonic waves with sufficiently low den-
sity are spectrally unstable; more precisely, we will establish the ex-
istence of positive eigenvalues for the linearization along such waves.
The result is achieved via a center manifold reduction of the eigen-
value problem. The reduced eigenvalue problem is then studied in the
framework of the Sturm-Liouville Theory.

1 Introduction

In this work, we examine the stability of some stationary solutions for the
viscous compressible gas flows through a nozzle. The model system is

(ap): + (apu), =¢(aps).

(apu)s + (apu®); + a(P(p)). ==(alpu)s). (1)

where p, u, P and a = a(x) are the density, velocity, pressure of the gas and
the area of the cross section at x of the rotationally symmetric tube of the
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nozzle. The pressure P is assumed to be a given function of the density p.
Our assumptions on the pressure P is:

For p>0, P(p) >0 and P'(p) > 0;

. P(p) o . PPP"(p) . pPPY(p)
1 = 1 P(p) = lim ——— = lim ————= =0;
pi%l+ P oo piI(I)ler (p) pirglJr P/(p) pi%l+ P,<p) ’ (2>
: pP"(p)
There exists M > 0 such that for p > 0, <

P'(p)

For polytropic gas, P(p) = Ap? with some constant A > 0 and 1 <~y <5/3
clearly satisfies the above assumption. Our assumption on a(z) is

ligl a(r) =ay >0 and hljl:l a,(z) = linIEl Ay (z) = 0. (3)

The inviscid (¢ = 0) system (1) is a well-known one-dimensional Euler

equation describing the motion of isentropic compressible fluid through a

narrow nozzle with variable cross-section area (see [1, 2, 3, 10, 11, 12, 13,

14, 16, 17, 18] etc.). The specific form of the viscous terms is not completely

physical and should be regarded as artificial one. The study of the problem
with the more physical viscosity is an ongoing project.

In [13], T. P. Liu studied global solutions of the initial value problem for
general quasilinear strictly hyperbolic systems including the inviscid isen-
tropic compressible gas flow:

wy + f(w), = g(x,w).

Roughly speaking, it was shown that, for an initial data wg(x), if all eigen-
values \;(w) of f, are nonzero and the L'-norm of ¢ and g, are small for w
uniformly close to wy, then a global solution exists and tends pointwise to a
steady-state solution. For polytropic gas flow, the main assumptions become
the flow at t = 0 is not close to transonic and that the total variation of the
cross-section area a(x) is sufficiently small.

T. P. Liu then focused on transonic waves of gas flow in a nozzle of varying
area via the inviscid € = 0 model (1) in [14]. Various types of solutions were
shown to exist that demonstrated significant qualitative differences between
a contracting nozzle (for example, a,(z) < 0 for 0 < < 1 and a,(x) = 0 for
x ¢ (0,1)) and an expanding nozzle (for example, a,(x) > 0 for 0 <z < 1
and a,(x) = 0forz ¢ (0,1)). Asymptotic states along a nozzle that contracts
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and then expands (a,(z) < 0 for =1 <z <0, a,(z) > 0 for 0 < z < 1 and
a,(z) = 0forx ¢ [—1,1]) are also examined to exhibit a number of interesting
phenomena including the choking phenomenon.

In [10], S.-B. Hsu and T. P. Liu studied a singular Sturm-Liouville prob-
lem

Ellag = f (2, 1)z — h(x)g(u) (4)

and applied the result to the viscous steady-state problem of (1) with more
physical viscosity terms. Assuming the nozzle is uniform outside a bounded
portion and is either contracting or expanding otherwise, they reformulated
the problem as a boundary value problem and gave a detailed analysis on
the existence, multiplicity and uniqueness of solutions. Viewing solutions of
the boundary value problem as steady-states of the corresponding reaction-
diffusion equation

Up = EUzy — fx, 1), + h(z)g(u),

stability results were also obtained.

Recently, in [6, 7], M. Hong, et al. studied the steady-state problem of sys-
tem (1) with different choices of the viscosity and for expanding-contracting
(a; >0 for x < 0 and a, < 0 for z > 0) and contracting-expanding (a, < 0
for x < 0 and a, > 0 for x > 0) nozzles. They applied the geometric
singular perturbation theory to provide a rather complete description of sta-
tionary waves for both the inviscid and viscous systems, and found classes of
new types of transonic waves. In particular, transonic waves from subsonic
to supersonic are constructed for contracting-expanding nozzle. In [8], the
maximal sub-to-super transonic wave is shown to be linearly stable.

In this paper, we will conduct a case study and examine the stability of
stationary non-transonic waves — simplest steady states ([6, 7]). Our main
result is that supersonic waves with sufficiently low density are spectrally
unstable as long as a,(x) changes sign; more precisely, we will establish the
existence of positive eigenvalues for the linearization along such waves (see
Theorem 5.1). Our result is directly relevant to the stability result in [13]
where T.P. Liu constructed global solutions for quasilinear hyperbolic sys-
tems and studied their asymptotic behaviors. In particular, under some con-
ditions, he established the stability of supersonic and subsonic waves. There
seems to be a contradiction between T.P. Liu’s stability result with our in-
stability results. Our explanation lies in the following two reasons: first of



all, the conditions under which the stability result of T.P. Liu do not hold for
supersonic waves with sufficiently low density, secondly, T.P. Liu considered
hyperbolic systems and we have the viscosity terms. An interesting observa-
tion is that, a certain form of viscosity might cause stable waves for inviscid
flows to be unstable.

Our instability result relies on a center manifold reduction of the eigen-
value problem. The reduced eigenvalue problem turns out to be a quadratic
eigenvalue problem and it is then studied via the Sturm-Liouville theory.
The method of center manifold reduction in stability study has been applied
by others (see, e.g., [15]).

The rest of the paper is organized as follows. We recall, in Section 2,
the relevant existence results on stationary waves from [6, 7]. In Section 3,
we set up the eigenvalue problem and make a center manifold reduction of
the eigenvalue problem. Section 4 focuses on the ¢ = 0 limiting reduced
eigenvalue problem and provides a symmetric structure of eigenvalues for
symmetric nozzles. We then show that supersonic waves with sufficiently
low density are spectrally unstable in Section 5 to complete the paper.

2 Steady-state problem

We recall the relevant existence result on stationary non-transonic waves
from [6, 7] with a slight extension. To distinguish the variables from those of
the linearization, we use p, etc. for the stationary solutions. We introduce
new variables

w = ea(pu), — a(pi® + P(p)), 0= eap, — apu. (5)

™

The steady-state system of (1) becomes,

ep, = Va~ ! + pu,

B0 (6)
e, = a 'p~H(w —vu+ aP(p)),
W, = —a, P(p).

Note that v = v(¢) is constant. We also introduce a variable n € (—1,1) via
n. = 1 —n? Tt is obvious that n(z) is increasing in x and n(+oc0) = +1.



This well-known trick allows one to replace the z-variable in a(z) with x(n)
so that system (6) becomes an autonomous system

ep, = va~ ! + pii,

iy = a ' p~H(w — vu + aP(p)),
Wy = _awP(ﬁ)a

Nz = 1-— 712-

(7)

System (7) is the so-called slow system. In terms of the fast time £ = x /e,
the corresponding fast system is

pe = va~! + pu,

e = a 'p~H(w — v+ aP(p)), (8)
We = —€CL$P(5),

ne =e(1—n?).

The limiting slow and fast systems are, respectively,

0 =va"'+ pu,
0=a'pYw—vu+aP(p)), (9)
W, = —a, P(p),
e =1—17
and
pe = va~ ' + pu,
ug = a”'p~H(w — va+aP(p)), (10)
we = 0,
Ne = 0.

The slow manifold Zj is given by
Zy ={apui+0v=0 and @ —vu+aP(p)=0}.

For the linearization of system (10) along Zy, the eigenvalues r; and ro
in the directions transversal to Z; are those of

(0 )

that is,
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Recall that /P’(p) is the sound speed. Thus, (p, u) is called a supersonic
(resp. sonic or subsonic) state at x if u(z) > \/P'(p(x)) (resp. u(zr) =

P(p()) or a(z) < /P(p(@))). Set

Zy ={(p,u,w,n) € Z0: u>/P(p), p>0,ne[-11]}
Z; ={(p,u,w,n) € Zo: u</P'(p), p>0,ne[-11]},
T ={(p,u,w,n) € Zy: u=+/P(p), p>0,ne[-1,1] }.

Then Zy = Z5UT U Z{. The portion Z§ is (normally) saddle and consists of
subsonic states, Z§ is (normally) repelling and consists of supersonic states,
and T is the set of turning points and consists of sonic states.

For the dynamics of the limiting slow flow on Zj, we differentiate
o=—va 'p! and w=—v?a"'p "t — aP(p)
with respect to x and use system (9) to get
—aP'(p)p, + Va *a,p " +0%a ' p ?p, = 0.

Thus, the limiting slow dynamics on Z;, can be represented by the system

Pz =

v2a3a,p!

_ 2
P,<ﬁ) . @2a_2p_27 77:13 - 1 - 77 . (1]‘>

It can be checked directly (see [6, 7]) that system (11) has an integral

1—)2

2a*(x(n))p

By an inviscid non-transonic wave, we mean, for each fixed v < 0, a
solution (p(x), u(z), w(x),n(x)) of system (9) so that r; # 0 for j = 1,2. By
a viscous profile of (p(x),u(x),w(x),n(x)), we mean, for v(e) — v as € — 0,
a solution (p(z;e),u(z;e), w(x;e),n(x)) of system (7) so that

(p(z;2), ulws e), w(w;e), n(x)) — (p(x), uz), w(x),n(z))

ase — 0in L} .

1(5.n) = E(p) + )

where E(p) = /p

0

The following result can be readily obtained. For more complete results
and proofs, we refer the readers to the papers [6, 7).
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Theorem 2.1. Fix v < 0. For any p— and p4, there is an inviscid non-
transonic wave (p(x),u(x)) for system (9) or (11) with a(z)p(z)u(z)+v =0
and p(x) — p+ as x — Fo0 if and only if

p— P/ —2 P+ Pl 72
/ () 4o + Z_QZ/ P gy
5 s 2az p. 5 s 2a% p%

and the level set L lies entirely in either Z; or Z§ where

L= {(ﬁu 77) : ]<ﬁ7 7]) = I(ﬁ*v _1) = I(ﬁ+7 1)}

Any such a non-transonic wave admits viscous profiles.

In the rest, we consider the stability of viscous profiles for system (1).

3 The eigenvalue problem and a center man-
ifold reduction

With the same new variables introduced in (5), we rewrite system (1) as

epr = a v + pu,

Ug = (ap)t>

euy = ap~Hw — vu + aP(p)), (13)
wy = (apu); — azP(p).

Let (p(z;¢),v(z;¢), u(z;e),w(x;€)) be a stationary wave for ¢ > 0. In
the following, we will drop the argument (z;¢). It should be clear from the
context when ¢ = 0 and when ¢ > 0.

The eigenvalue problem for the stationary wave is

epe = a” v + pu + up,

Uy = Aap,

gy = —a1p 2 (w0 — vu+ aP(p)) p (14)
a5 (w — u — v + aP'(p)p),

wy = Aapu + Aaup — a P'(p)p.



We will treat this problem as a singularly perturbed problem. In terms of
the fast scale £ = x/e, it becomes

pe = a~'v + pu + ap,

ve = eAap,

ue = —a~ 5 (@ — 5+ aP(7)) p (15)
+a=tpt (w — vu — v + aP'(p)p),

we = € (Aapu + Aaup — a, P'(p)p) .

Next, we augment the eigenvalue problem (15) with the steady-state sys-
tem (7) to obtain an autonomous problem as the following:

;

pe = a v+ pu + up,

Ve = eAap,

ug = —a"'p~? (w —vi+aP(p)) p
+a=tpt (w — vu — v + aP'(p)p),

we = € (Aapu + Aaup — a, P (p)p),

pe = va~ ! + pu, (16)
ve = 0,

g =a”'p (0 — vi+ aP(p)),

wf = _gaxp(ﬁ)a

\ ?76 = 6(1 - 772)
The phase space of this system is R? with the variable (p, v, u, w, p, v, 4, w,n).

Viewing system (16) as a singularly perturbed autonomous system, the
slow manifold Sy is given by

So :{ﬁa+@a‘1 =0, w—ovu+aP(p)=0,

a vt putip=0, w—vu—iv+aP (p)p= O}
17
:{a =—va"'pt, w=-va"'p —aP(p), (1"
u=—a'p w+oap %, w= %p — —Zjv — aP'(ﬁ)p}.
ap ap
Note that Sy contains equilibria of the limiting fast system (16) with ¢ = 0
and dim Sy = 5.



The linearized matrix of system (16) with € = 0 at each point on Sy has
the form

R x x
0 R =
0 0 0
where
U a! p 0
0 0 0 0
R - ﬁ_lpl(ﬁ) _a—l,aﬁ—l _a_lﬂﬁ_l a_lﬁ_l (18>
0 0 0 0

The sets of eigenvalues are {0,71, 72} where the zero eigenvalue with multi-
plicity five corresponds to the dimension of the slow manifold Sy and where

rn=u—P(p), r=u+P(p) (19)

each with multiplicity two.

We will consider only non-transonic stationary wave (p, v, u,w), that is,
for any z, u(x) # \/P'(p(x)). In this case, both r; and ry are non-zero, and
hence, Sy is normally hyperbolic. The normally hyperbolic invariant manifold
theory then implies that, for € > 0 small, Sy persists and the perturbed slow
manifold has the form

U = —a_lﬁ_lv + @a_lﬁ_2p +&(h1v + hap), (20)

v° 20 .
w=—p——v—aP(p)p+e(Fv+ ng)},
ap ap

where the argument for the functions F, G, Fj’s and h;’s is (p, 0,7, €).

Remark 3.1. The normally hyperbolic invariant manifold theory ([4, 9]) re-
quires the invariant manifold to be bounded or compact. The slow manifold
Sp is not. We can certainly restrict the (p, v, u, w, n)-component to a bounded
neighborhood of the steady-states but the eigenvalue problem needs the whole
linear (p, v, u,w)-component. To get around this non-boundeness, one can
view the first four linear equations in system (16) as defined in the projective
space of R* so that homogeneous (p, v, u, w)-component lies in the compact
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projective space. The normally hyperbolic invariant manifold theory can be
applied and, afterwards, one can return back to the original setting. This
also explains why the extra terms in u and w for S, take the special form. [

The idea is then to reduce the eigenvalue problem (16) onto S.. To do
so, we first substitute (20) into (7) and (14), and after some tedious algebra,
we find, up to O(e), that

o v2a 2a,p ! o A+ 20a2a,p7 ! + 200 p G
ap (P'(p) — v?a=2p-2)" ap (P(p) —wap=) )
h 20M0p~ ! + 020 2a,p % + v2a" p 3G + apP" (p)G + aP'(p)G
2 = = ’

a5 (P'(7) - 72a~%577)
On the center manifold S;, up to O(g?), the first four equations in system
(16) are reduced to a system of two equations,

pe =va"t + p(—va~tpT + va p2p + e(hav + hap))
+(=va'pt +£G)p

22
= & phyv + (phs + G)p, (22)
Vg = eAap.
If we return to the z-variable, the latter system becomes
pa =f(p,0;€)v+g(p, U;€)p,  vx = Aap (23)

where f = phy+ O(¢) and g = G + pha + O(¢). System (23) is referred to as
the reduced eigenvalue problem via the center manifold reduction.

4 The limiting eigenvalue problem with ¢ =0

In this section, we will consider the limiting eigenvalue problem of (23) with
e=0:

pa =f(p(x),0;0)v + g(p(x), v;0)p, vz = Aap (24)
where p = p(x) is the p-component of the inviscid stationary wave.

System (24) can be cast as

Vgg — (C;—I + g) vy = Aafu. (25)
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Setting y = ve 2 /(&9 we have

wo= (3 (Z40) =5 (% 40) )y =rarn (26)

If we separate f and ¢ into terms without A and with A as f = f; + Afy and
g = g1 + Ag2, then equation (26) becomes

1 1
Yoz — <1q2 - 5%) y = Ay + Nway, (27)
where
Ay 1 /a, 1 1,
q=—+g, w1 =afi + = (—‘1'91) G2 — =Gz, W2 = afo+ —g5.
a 2 \a 2 4

It follows from (21) that

g v2a=2p°(P' + pP") + vta™p?
=2(1- 28
q a ( ( 2P’—va—2)3 ’ ( )

v*a"ta,(aup + a=?)p~ ' P'(p)
p*P'(p) — v?a? ’

wy = —

and

e — POy (30)
(P?P'(p) — v%a~?)

For later use, we collect some estimates

Lemma 4.1. As p— 0", p~'P'(p) — oo, and

¢+ |qu] + |Qua| + w0 + |w2x| = O(HP'( p)),
wi = a4 PO0), = O P(75).
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Proof. 1t follows from the displays (28), (29) and (30), and (11) that

¢ ="+ O(P' + pP")i" + O(p°),

a

(f) +O P/+pP//+p2P///)
+O(Pl+ppl/) 8P”+O( )

< > +0 P/—i-pP// 2P///+ﬁ3p(4)>,55

+O(P'+ pP" + p*P")p*P" + O(p"),
w1 :axﬁ_lP/O(1)7 Wiy = O(ﬁ—lpl + P”),
wy =0(p'P),  wy, = O(P' + pP")p"
The conclusion is then a direct consequence of the assumption (2). N

We end this section with two simple results.

Lemma 4.2. If a, <0 and a, # 0, then, for every subsonic wave (p,u), all
eigenvalues have negative real parts. If a, > 0 and a, # 0, then, for every
supersonic wave (p,u), all eigenvalues have negative real parts.

Proof. Let A be an eigenvalue and let y(x) be an eigenfunction associated to
A. We multiply the conjugate 3 of y on (27) and integrate over (—oo, 00) to

get
/Iyxl ——/q ly|> + /quy— /w1|y|2+A2/wzly|2-

An application of integration by parts for the third term on the left gives

1 1
—/ (yx+§qy) (§x+§qy) = A/w1!y|2+kz/w2!y\2-

Note that ws > 0 from (30). In view of (29), we have w; > 0 and w; # 0 if
either a, < 0, a, # 0 and (p, u) is subsonic or a, > 0, a, # 0 and (p,u) is
supersonic. The conclusion then follows directly. O]

Lemma 4.3. Assume a(x) is symmetric with respect to x = 0 and (p,u)
1s a symmetric non-transonic steady-state. Then, eigenvalues occur in pairs
A=A

12



Proof. 1t is easy to check that ti — %qx is even, wsy is even, but w; is odd.
Suppose y(z) is an eigenfunction associated to A. Let g(z) = y(—=z). Then

gm<x) = ym(_x) and
N e e e
=Mwy (—2)y(—z) + Nws(—z)y(—x)
=(=Nwi (2)g(x) + (=) *wa(x)§(x).

Thus, —A\ is also an eigenvalue. O]

5 Instability of low density steady-states

We will consider now the case where a,(x) changes sign or simply the set
{z : a,(z) < 0} is not empty and show that supersonic waves with sufficiently
low density are unstable. Our main result is

Theorem 5.1. Assume the set {z : a,(x) < 0} is not empty. Then there
is a constant k > 0 so that, if (p,u) is a stationary supersonic wave and
|p| < K, then (p,u) is spectrally unstable.

Theorem 5.1 is a direct consequence of Lemma 5.3 to be proved later. We
first recall a basic result from the Sturm-Liouville Theory.

Proposition 5.2. (Theorem 5.2 in [5]) Let r(t) > 0 be continuous and of
bounded variation on [xg,x1]. If y(z) # 0 is a real-valued solution of

Ypo +7(2)y =0

and N is the number of its zeros on (xq,x1], then

L[ L[ |re()]
N — — de| <1+ — dx.
‘ 7T/360 Vr(x)dx| < +47T/,1;0 (2) T

Now, for any real A, let

Pz \) = —}qu(m + %qx(x) i (2) — Nun(z).

13



Then equation (27) becomes
Yrw +7(2; )y = 0. (31)

It can be expressed as

(1)~ (ot o) () )

In view of the assumption in (3) and the displays (28), (29) and (30), we
have
lim ¢(z) = lim w;(x) =0,

r—300 r—+o0
and hence,
_/\2 =4 P/ =
re(A) =: lirf r(z;\) = —\? lirf wy(x) = — 7'Oi (p:)_g 5
e e (PiP (px) — v2ay )

Thus, if X is real and A # 0, then r1(\) < 0, and hence,

(o o)

has two real non-zero eigenvalues +4/|r.(\)| with associated eigenvectors

1 T 1 T
(=L () = L (1 o)
Ui( ) 1—|—|T’(/\)| |ri( )’ vi( ) 1—|—|T(}\)| ’ri< >|

The unit vector v* (A) (resp. v™(\)) is the stable (resp. unstable) eigenvector
of system (32) at = —oo. The unit vector v$ (X) (resp. v} (X)) is the stable
(resp. unstable) eigenvector of system (32) at x = oo.

Therefore, for any real A # 0, there exists a unique solution (yx(z), zx(z))”
of (32) such that

(y(x; A), 2(2; N)"
[(y(z; A), 2(25A)) 7|

In particular, y)(x) # 0 is a solution of (31) and y,(z) — 0 as x — —oc.

|(y2(0), 22(0))7| = 1 and

—v*(\) as x — —oo.

Let Ny = Ny(ya(z)) be the number of zeros of y,(z) on (—oo,00). It
follows from the asymptotic hyperbolicity of (32) that N, is finite. Note that
N, is essentially twice the number of full clockwise rotations of the solution
(yr(2), 2x(2))T of system (32) for x € (—o0, 00).
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Lemma 5.3. Assume the set {z : a,(z) < 0} is nonempty. For any A > 0
and any positive integer n, there exists k > 0 such that, if p < k, then there
are at least n eigenvalues in (0, ).

Proof. From the assumption, there is § > 0 so that U(9) = {z : a,(z) < —d}
is open and non-empty. For fixed A > 0, let

I1(0) ={z € U(6) : r(x; A) > 0}.
Due to (29) and Lemma 4.1, for x € U(0), limpz)—or(z; A) = oo and
there exists K > 0 such that Ira (s A)) I( A)

r(a )
n, there exists k£ > 0 such that, if p < k, then, I(§) = U(d) and

A
/ Vr(z; A)dx — / Mdm>n.
471' 1(8) T(.ﬁE; A)
Proposition 5.2 implies that

M’I((S) el /1(5) \VA (JI,A) T 1 / (x7 ) dx >n

1(s)
Therefore, for p < k, we have Ny > N[y > n.

< K. Hence, for any positive integer

Now, fix any p < k. If A = 0, one verifies that

y(z) = exp {—% /qu(s)ds}

is a solutions of (27) so that N(y(z)) = 0. By continuous dependence of
solutions on parameter A and the asymptotic hyperbolicity of system (32), it
follows that, for any integer 1 < j < n, there exists A\; € (0, A) and a solution
yj(x) # 0 of equation (31) with A = \A; such that y;(z) — 0 as x — £o0 and
N(y;(z)) = j. Each A; is then an eigenvalue with an eigenfunction y;(z).
Since, for i # j, N(yi(x)) # N(y;(z)), we have y;(z) and y;(x) are linearly
independent, and hence, \; # ;. O]
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