Poisson-Nernst-Planck systems for narrow tubular-like membrane
channels

Weishi Liu* and Bixiang Wang'

Dedicated to Professor Jack K. Hale on the occasion of his 80th birthday

Abstract

We study global asymptotic behavior of Poisson-Nernst-Planck (PNP) systems for flow of two
ion species through a narrow tubular-like membrane channel. As the radius of the cross-section of
the three-dimensional tubular-like membrane channel approaches zero, a one-dimensional limit-
ing PNP system is derived. This one-dimensional limiting system differs from previously studied
one-dimensional PNP systems in that it encodes the defining geometry of the three-dimensional
membrane channel. To justify this limiting process, we show that the global attractors of the
three-dimensional PNP systems are upper semi-continuous as the radius of the channel tends
to zero.
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1 Introduction

Poisson-Nernst-Planck (PNP) systems serve as basic electro-diffusion equations modeling, for exam-
ple, ion flow through membrane channels, transport of holes and electrons in semiconductors (see,
e.g., [1, 2, 24] and the references therein). PNP systems have been studied under various physically
relevant boundary conditions such as the non-flux, homogeneous Dirichlet and homogeneous Neu-
mann boundary conditions. For those types of boundary conditions, in addition to the total charge
conservation and the existence of various first integrals, Boltzmann H-functionals or entropy-like
functionals are successfully constructed, which, together with the advances of Csiszar-Kullback-
type or logarithmic Soblev inequalities, are applied to investigate the asymptotic behavior of the
PNP systems and stability of steady-state or self-similar solutions (see, e.g., [3, 4, 6, 7, 8, 17, 25]).
In the context of ion flow through membrane channels, it is physically unreasonable to impose the
above mentioned boundary conditions on the whole boundary, particularly at the two “ends” of the
channels. Instead, non-homogeneous Dirichlet conditions on the two “ends” are typically assumed.
PNP systems supplemented with this type of boundary conditions result in quite different dynam-
ical behavior. The total charges within the channels are not conserved and entropy-like functionals

are not available in general.

In this work, we consider the PNP system modeling ion flow through narrow tubular-like mem-
brane channels and examine a reduction of the three dimensional PNP system to a one-dimensional
limiting PNP system. For simplicity, we consider flow of two ion species, S1 and Ss, one with pos-
itive valence a; > 0 and the other with negative valence —as < 0, passing through a membrane
channel with length normalized from X = 0 to X = 1. Denote the concentrations of S; and S5 at
location (X,Y, Z) in the channel and time t by ¢1(¢t, X,Y, Z) and ¢3(t, X, Y, Z). Then the electric
potential ®(¢, X, Y, Z) in the channel is governed by the Poisson equation

AD = —)\(06101 - OéQCQ),

where the parameter X is the Debye number related to the ratio of the Debye length to a char-
acteristic length scale. The flux densities, J; and Js, of the two ion species contributed from
the concentration gradients of the two ion species and the electric field satisfy the Nernst-Planck
equations

D1(Ver + a1 V@) = —J; and Da(Veg — ageaV®) = —Js,
and the continuity equations

861 7 802 7
EJrVJl—O, ot + VJs =0,

where D; and D, are the diffusion constants of ion species S and So relative to the membrane



channel. The Poisson-Nernst-Planck system is thus given by

AP = — )\(alcl - 04202),

861
E =DV - (Vc1 + a101V<I>), (11)
%Ctz =DyV - (Vea — agca V).

PNP systems have been studied by many authors (see, e.g., [1, 2, 3, 4, 6, 7, 8, 12, 13, 14, 17,
19, 24, 25]). Many works have been attributed to a simple one-dimensional version of the PNP
system and particularly the steady-state problem (see, e.g., [12, 13, 14, 15, 19]). Consideration
of one-dimensional PNP systems is motivated naturally by the fact that membrane channels are

narrow.

The purpose of this paper is two-fold. First of all, we interpret the narrowness of the three-
dimensional channel in such a way that we can (mathematically) take the limit of the characteristic
radius of the channel to approach zero and derive a reduction of the three-dimensional PNP system,;
More specifically, starting with the situation that €. is a revolution domain about its axis (¢ is
related to the maximal radius of the cross-sections of the channel), we will let ¢ — 0 and obtain
a one-dimensional limiting PNP system. This limiting process of shrinking a three-dimensional
tubular-like domain to a one-dimensional segment is based on the ideas in [10, 11, 20, 21, 22] for
thin domains (some discussions of these works will be given in Section 2.1). Differing from the simple
one-dimensional version of the PNP system, this one-dimensional limiting PNP system encodes the
defining geometry of the three-dimensional channel. Interestingly, the one-dimensional limiting
PNP system that we obtained agrees completely with that suggested by Nonner and Eisenberg
from physical consideration ([18]). The second purpose is to justify this limiting process. The
well-posedness and existence of global attractors for some general evolution systems including the
three-dimensional PNP systems have been established by Gajewski and Groger (see [6, 7] and more
discussions in Section 2.2). A key ingredient in their work is the existence of an invariant region for
the dynamics of the system. The existence of the global attractor Ag of the one-dimensional limiting
PNP system follows from their results too. Our main result toward a justification of the limiting
process is the upper semi-continuity of the global attractors A. of the three-dimensional PNP
systems to Ag at ¢ = 0. It is expected that if the one-dimensional limiting system is structurally
stable, then its dynamics determines that of three-dimensional system for € > 0 small. Alone this
line, for large Debye number A, the steady-state problem of the one-dimensional limiting PNP
system can be viewed as a singularly perturbed one and has been completely analyzed using the

geometric singular perturbation theory as in [5, 15, 16].

The rest of the paper is organized as follows. In Section 2, we give a detailed formulation of our

problem. The domain for the three-dimensional PNP system will be specified and, as the domain



shrinks to a one-dimensional segment, a one-dimensional limiting PNP system is derived. We then
state our result (Theorem 2.2) on the upper semi-continuity of attractors of the three-dimensional
PNP system at the limit. A proof of Theorem 2.2 is provided in Section 3. The appendix, Section
4, contains two simple lemmas that are used in the derivation of the one-dimensional limiting PNP

system in Section 2.1 and a homogenization of the boundary conditions in Section 3.1.

2 Reformulation of PNP and main results
2.1 Three-dimensional PNP and one-dimensional limits

We start with setting up our problem. The membrane channel considered here is special and will

be viewed as a tubular-like domain Q. in R3 as follows:
Q. ={(X,Y,2):0< X <1, Y?+ 7% < $*(X, )},

where the function ¢ € C3 is the radius of the varying cross-section of the channel. We assume

g(X,0)= 0 and go(X) = %(x, 0)> 0 for X €10,1] (2.1)

so that the parameter € measures the sizes of cross-sections of the membrane channel. For example,
one can take g(X,e) = ego(X). For a technical reason (used in Lemma 4.2 in the Appendix), we

also assume that
99 99

ax ") = 5x
The boundary 909, of €. will be divided into three portions as follows:

(1,e) = 0.

iﬁ {(X,Y,Z)E@QE:X:O},
R.={(X,Y,Z) € 99, : X =1},
ME :{(X)Y7 Z) € 898 : Y2 + Z2 = gQ(X,E)}.

Thus, L. and R, are viewed as the two ends of the channel and M, the wall of the channel. The
boundary conditions considered in this paper are
@’i6:¢0>0, (I)|R5:O’ Ck’iezlk>07 Ck‘gszrk>07
oo Ocy, (2.2)
on | M., — %‘ /A
where the constants ¢g, [, and 7, (k = 1,2) are the relative electric potential and the concentrations
of the two ion species at the two ends, and n is the outward unit normal vector to M.. Although

the most natural boundary conditions on M, would be the non-flux one

%_,_ o0 = dey _ 9% | =0
on M %%n ) T \gn T 4% ) . T 5
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the above homogeneous Neumann conditions on M, are reasonable (they are the consequences of

the non-flux and zero-outward electric field conditions).

In this paper, we are interested in the limiting behavior of the PNP system when the three-
dimensional tubular-like domain 2. shrinks to a one-dimensional interval as ¢ — 0. Naturally we
expect a one-dimensional limiting PNP system whose global dynamics is comparable with those of
PNP systems for ¢ > 0 small. This important idea has been applied by many researchers in studying
the dynamics of equations defined on thin domains. In [11], Hale and Raugel consider a reaction-
diffusion equation (RD). on a thin domain Q. ¢ R"" n < 2, with Q. - Q C R® as ¢ — 0.
Under some conditions, they derive an appropriate limiting equation (RD)g on © and establish
relationships between the solutions of the two systems. Based on uniform estimates of solutions in
small e, they prove the upper semi-continuity of the attractors A; for (RD). at € = 0. Under further
conditions, they even establish the topological equivalence between the dynamics defined by (RD).
and (RD)g for £ > 0 small. The idea is further applied in [10] for a damped hyperbolic equation on
a thin domain. In [20, 21, 22], Raugel and Sell study the Navier-Stokes equations (N S). on a thin
three-dimensional domain Q. = Qy x (0,¢), where Q2 is a bounded domain in R?. Given & > 0,
they show that there is a subset B(e) in H'(f2.) such that for every initial condition in B(e), the
three-dimensional equation (N.S). has a strong solution in C([0,00), H*(€.)). It is interesting that
the radius of the set B(e) may approach infinity as ¢ — 0. They further prove that the dynamical
system generated by (NS). has a local attractor A. in H'(Q.). This attractor is compact in
H?(€.) and attracts all weak solutions at ¢ — oo. The upper semi-continuity of A., as ¢ — 0,
is also established. Although we are shrinking a three-dimesional domain to a one-dimensional
one, the ideas and the procedures in the above mentioned references work for our problem. To be
specific, we follow the procedure in [11] to derive a one-dimensional limiting system in this section
and prove the upper semi-continuity of attractors in the next section. For a technical purpose, we
state a lemma (Lemma 4.1 in the Appendix) that allows us to express differential operators under
transformations in a more compact way and, as a result, the expected one-dimensional limiting

system is more transparent.

To derive the limiting PNP system, we transfer the e-dependent domain 2. into a fixed domain

Q2 =10,1] x D, where D is the unit disk, by applying the following change of coordinates:

Y A

JXe C T g 23)

r=X, y=

In this way, we can use one phase space, say H'(f2), for the three-dimensional PNP systems
corresponding to all € > 0 and even for the one-dimensional limiting system defined on [0, 1] since

a function on [0, 1] can be naturally identified as a function on €.

In the sequel, we denote by L, R and M, respectively, the boundaries of {2 corresponding to

I:E, RE and Ma under the transformation. Let J denote the Jacobian matrix of the change of



coordinates. Then,

2
Oy 1 ¢ 00 L axyz) [ 100
oy e\ e o ) T e T\
—99:2 0 g gzz 0 g
with det(J~1) = g%(z,¢), and
1 g' ~9°9ay —9°0a%
JJT:} -9y 9P+ 90y 9Pgyz
9’0z goyr P+ g°g7

It can be checked that the change of variables in (2.3) with p = (X,Y, Z) and ¢ = (2, y, 2) satisfies

Yoo (o) -0

j=1

Therefore, applying Lemma 4.1 in the Appendix, system (1.1) can be rewritten, in terms of (z,y, z)

as follows:
1
gsz' (?JITV®) = —A(a1c1 — asca),

0 D

% - ?;v (PIIVer + a1e1g2 ] V), (2.4)
862 D2 2 2

Y2 Ply T - VP

T 92V (9°JJ"Veg — aacag®J IV D),

with the boundary conditions
| =¢o, Plr=0, cklo=1U cklr="r%,
(2.5)

<V(I),JJTV>’M = <V6k,JJTI/>|M = 0,

where k£ = 1,2 and v is the outward unit normal vector to M.

By inspecting the structural dependence of JJ7 on e, we expect the one-dimensional limiting

PNP system to be
1
9 ( 2 0 <I>) = —Aajc; — aca),

97%% QO%
%C; = l;glaax <g§(§;cl + 041619888$CI>> : (2.6)
% — Zg)g@ax (ggaach — aQCQggaaxq)) ,
on the interval (0, 1) with the boundary conditions
(2.7)

(I)(t,()) = (f)o, @(t, 1) = 0, Ck(t, 0) = lk, Ck(t, 1) =Tk,



where go(x) is defined in (2.1).

Note that ® can be solved in terms of ¢; and ¢y for both the three-dimensional and one-
dimensional limiting PNP systems. In the sequel, we will mainly treat the systems for unknowns
¢1 and cg; in particular, the phase space for both systems consists of functions (¢1, c2). Properties

on @ follow easily from those of (c1, ¢2).

2.2 Invariant region and existence of attractors

In [7], Gajewski and Groger study semiconductor equations describing the transport of mobile
carriers, electrons and holes, in semiconductor devices proposed by van Roosbroeck ([23]). In their
model equations, in addition to other generalities, they treat both Boltzmann statistics and Fermi-
Dirac statistics for the dependence of the carrier densities on the corresponding chemical potentials.
It was shown in [7] that the semiconductor equation (for both Boltzmann statistics and Fermi-Dirac
statistics) has a global attractor which is a compact subset and attracts all solutions with respect to
the norm topology of H! x H!. The three-dimensional PNP systems (1.1) and (2.2) considered in
this work correspond to the semiconductor equations for the Boltzmann statistics case, and hence,
for any € > 0, there exists a compact global attractor A.. A key ingredient for their result is the
existence of an invariant region discovered in [8, 9, 25]. For the three-dimensional PNP system

(1.1) and (2.2), the result on the existence of an invariant region is recorded below.

Proposition 2.1. Let M be a positive constant with M > max{aily, a1r1, aala, aora}. Then

Y ={(c1,e2) € H(Q) x HY(Q.): 0< e < M, 0< aneg < M}

is positwely invariant for the PNP system. More precisely, if the initial datum (c1(0), c2(0)) € %
and (c1,¢a) is the solution of the PNP system, then (ci(t),ca(t)) € X for all t > 0.

One can check that the following region is positively invariant for the one-dimensional problem
(2.6)-(2.7)

S0 ={(c1,e2) € H'(0,1) x H'(0,1) 1 0 < arer <M, 0 < azey < M},
where M is the constant in Proposition 2.1. Applying the results in [7], we also conclude that
problem (2.6)-(2.7) has a global attractor Ag in %o N H'(0,1) x H'(0,1).

We remark that, for PNP systems with three or more types of ions, the above invariant principle
is not available. It is not clear to us whether or not a similar principle still holds in this case. PNP

systems with more than two types of ions are worth further studying.



2.3 Main result

Our main result claims that the global attractors A, of the three-dimensional PNP systems are
upper semi-continuous to the global attractor Ag of the one-dimensional limiting system as € — 0,

which partially justify the limiting process. More precisely, we have

Theorem 2.2. The global attractors Ac of the three-dimensional PNP systems are upper semi-
continuous at € = 0, that is, for any n > 0, there exists a positive number €1 = €1(n) such that for
all0 <e<eq and allw € A,

distx. (w, Ag) <,

where X, = {w: [[wl%, = w2 + Vw2 + Zllwyl2 + & ]2 < oo}

Remark 2.1. For large Debye number A, the steady-state problem of (2.6) can be viewed as a
singular perturbation problem and, indeed, the existence of steady solutions of the system was
proved in the first version of this paper by using the geometric singular perturbation theory as
discussed in [15]. Since the completion of the present paper, the steady-state problem for more
general limiting PNP systems has been analyzed in [5] and [16]. Consequently, we will not present
the existence of steady solutions for system (2.6) in this updated version. The reader is referred
to [5] and [16] for detailed results on steady-state problems for the cases of two and multiple ion

species with permanent charges, respectively.

3 Uniform estimates and a proof of Theorem 2.2
3.1 Homogenization of boundary conditions

In this section, we convert the non-homogeneous Dirichlet boundary conditions on L U R in (2.5)
to homogeneous ones, while keeping the homogeneous Neumann boundary conditions on M.

Let L(X), for k = 1,2,3, be the linear functions satisfying L?(0) = Iy, L(1) = ry, for k = 1,2,
L3(0) = ¢p and L§(1) = 0. Lemma 4.2 in the Appendix guarantees the existence of functions
Li(X,Y, Z,¢) for k = 1,2,3 such that for each ¢ > 0 and Y? + Z? < ¢*(X,¢), Ly(X,0,0,e) = LY,
Li(0,Y, Z,e) = LY(0), L(1,Y, Z,e) = LY(1), and a%Lk(X, Y,Z,e) =0 when (X,Y,7) € M.. For

each e > 0 and k = 1,2, 3, introduce the functions Lf, in terms of variables z,y and z:

Li@f’yv Z) = Lk(X7 Y7 Z? 8) = Lk<$,g($,€)y,g(x, E)Z,E). (31)



Set

u(m,y,z) :Li(.’E,y, Z) - Cl(xaya Z)a
U(.ﬁU,y,Z) :Lg(x7y7 Z) - CQ(.Z',y, Z)a
€
3

¢({L‘,y,2) =L (.%',y, Z) - @(:L',y,z).

Then, problem (2.4)-(2.5) is transformed into

912V (g* IV (¢ — L§)) = —A(ar(u — L) — as(v — L§)),
?Z = l;;v (g* TV (u— L§) — ar(u— L5 (2))g* T "V (¢ — L§)) , (3.2)
gz_?ﬁ%@%TV@—L9+@@—La@m%WV@—L@y

with the homogeneous boundary conditions:

élrur =ulLur = v|Lur =0,

3.3
(Vo, JI™v) |y =(NVu, JT )|y = (Vu, JT V)| p = 0. (3.3)

System (3.2) is supplemented with the initial conditions:
u(0) = up, ©v(0) = vp. (3.4)

Introduce the subspace H}(2) of HY(Q):
HLH(Q) ={uec H(Q): ulrur =0}
Let M be the constant in Proposition 2.1 and let ¥. be the subset of H}(2) x H}, () given by
Yo = {(u,v) € H5(Q) x HH(Q) : anL§ — M < oqu < on L5, aoL — M < apv < apL5}.  (3.5)

It follows from Proposition 2.1 that, if (ug,v9) € Xe, then (u(t),v(t)) € X for every t > 0.
Throughout this paper, for every € > 0, we denote by S°(t);>0 the solution operator associated
with problem (3.2)-(3.4). We will use the same symbol .A. to denote the global attractors of S¢(t):>0

and that of problem (2.4)-(2.5) when no confusion arises.

The corresponding one-dimensional limiting system (2.6) is transformed into

i (s (0= 1) = A (01— 2) ool — 19)

93% 90 5,

Ou Dy 0 (5,0 o o209 0 o
@ _ &E QQ 70 70 2& 70
ot~ o2 oz (90 83:@ Lg) + (v Lz)goagc((f) L3) ),



with the homogeneous Dirichlet boundary conditions
o=u=v=0, z=0,1, (3.7)
and the initial conditions
u(0) =wup, and v(0) = vg. (3.8)
The following result can be proved in the same way as that for Proposition 2.1.
Proposition 3.1. Let M be a positive constant with M > max{aily, o171, aala, aora}. Then
Yo = {(u,v) € H}(0,1) x H}(0,1): a1 Ly — M < aqu < a1 LY, aold — M < v < L9} (3.9)

is positively invariant for the one-dimensional PNP system (3.6)-(3.8).

Similar to system (2.6)-(2.7), problem (3.6)-(3.8) is well-posed in X, that is, for each (ug,vo) €
Yo, there exists a unique solution (u,v) for problem (3.6)-(3.8) which is defined for all ¢ > 0
and (u,v) € C([0,00),%p). Further, the solutions are continuous in initial data with respect to
the topology of H}(0,1) x H}(0,1). Therefore, there is a continuous dynamical system S°(t);>¢
associated with problem (3.6)-(3.8) such that for each ¢ > 0 and (ug,vo) € 2o, S°(t)(uo,vo) =
(u(t),v(t)) is the solution of problem (3.6)-(3.8). When no confusion arises, we use the same
symbol Ag to denote the global attractors of S°(¢);>0 and problem (2.6)-(2.7).

3.2 Uniform estimates of global attractors

In this section, we derive uniform estimates of the global attractors A. in € which are necessary
for establishing the upper semi-continuity of A, at € = 0. In what follows, we reformulate problem
(3.2)-(3.4) as an abstract differential equation in H5,(Q) x H%(€2).

Given ¢ > 0, define an inner product (-,-)g. on L?(Q) by

9
(v,w)g. = / —vwdz dydz,
[OR=
and a bilinear form a.(-,-) on (Hﬁ(Q))2 by
2
az(w1,w2) = (J"Vwy, JTVwa) g, = / %JTle - J"Vws dx dy dz.
Q

In the sequel, we denote ||w||, the standard norm of w for w € LP(Q) or w € LP([0,1]), ||w| s the
standard norm of w for w € H*(Q) or w € H*([0,1]). Also, denote H. the space L*()) with the
inner product (-,-)p., and X. the space H}(£2) with the norm

2 1 2 1 2 12
luilx. = (170l + Sho B+ Sho.l)

10



Since Poincare inequality holds in H},(9), the norm |w|x. for w € HL(Q) is equivalent to the

norm given by
2 1 2 1 2 1/2
(Il + oyl + Sloe1)

Due to assumption (2.1), there exist positive constants Cy, Co, C3 (independent of ) and &1 such
that, for all 0 < e <¢e; and z € (0, 1),

@SCL Cy <
g

(OIS

< Cs. (3.10)

Consequently, \/a.(w,w) is equivalent to the norm ||w||x,, that is,
Callwlk. < ac(w,w) < Cslwlfx, (3.11)

for some constants C4 and C5 (independent of ¢). It follows from (3.11) that for each € > 0, the
triple {H}(€2), He, a-(+,-)} defines a unique unbounded operator £. on H1 () with domain D(L.)
in the following way: an element u € H},(Q) belongs to D(L.) if a.(u,v) is continuous in v € H} ()
for the topology induced from H. and (L.u,v)n. = ac(u,v) for (u,v) € D(L.) x H}(Q). In fact,

D(L)={uc HHQ): Louec H.},

and for every u € D(L.),

1

Lou = —gﬁv (g*J V).

Since the operator L. is self-adjoint on H. and positive, the fractional power E;/ ? is well-defined
with domain D(E;ﬂ) = HL(Q), and for u € H}(9),

1
1£2ull3y, = ac(u,u).
In view of (3.11) there exist Cs and C; such that
1
Collullx. < [[L2ullm. < C7llullx.. (3.12)

With the above notations, system (3.2) can be rewritten as

1
Lot = Aar(u— L5) — daa(v — L§) — ?v (g JJTVLS),

Ou Dl 2 T € €\ 2 T €

o tD1Leu= —?v (g JIVLS + on(u— L5)g* T IV (¢ — L)), (3.13)

ov

D
gp +DeLev = =V (PITVLE — aa(o — L5)g*TTV(6 — 15))

11



By the construction of functions L3, (k = 1,2, 3), there exists €; > 0 such that for any 0 < e < ey,

the following uniform bounds in € hold:
L3 lloo + 1LEN e + IV Ll . + [TV L || 1. + H V- (4*IJIVEIL) . < C, (3.14)

where C' is independent of . Then it follows from the positive invariance of Y. that there exists a
constant C' (independent of €) such that for any initial datum (ug,vg) € X, the solution (u,v) of
problem (3.2)-(3.4) satisfies, for all ¢ > 0:

[u(t)]loo + J0()]loo < C and  |Ju()||z. + [[0(t)||. < C. (3.15)
Next, we start to derive uniform estimates of solutions in € in the space H3 () x H} ().

Lemma 3.2. There exist a constant C' (independent of €) and €1 > 0 such that for any 0 < e < g;
and (up,vp) € e, the solution (u,v) of problem (3.2)-(3.4) satisfies, for allt > 0:

t+1
[ @l + el de < c.
t
Proof. Taking the inner product of the first equation in (3.13) with ¢ in H., we find that
1
1£26|I%. = Aar(u — L, ¢)m. — Aaz(v — L3, ¢) . + (JTVLE, J"V)n.
By (3.14) and (3.15) we have

162613, <raa(lulls. + HLEHHE)HéHHa  xax(llolla. + 1Z5 )|l + 177V IS a1 £2

<Cl|c2dlln. < 2H£2¢HH€ + 02

which implies that .
1£2¢|lm. < C. (3.16)
Now, taking the inner product of the second equation in (3.13) with w in H,, we get

1d
2dt

It follows from (3.14)-(3.16) that the right-hand side of the above is bounded by

— |lul|7;, + D1||£2 uH%IS =Dy (JTVL;, J'Vu)y + Dion ((u— L5)J V(¢ — L3), J"Vu) .

Ul VLS .12l 1+ Dron (e + HLEHoo) 1£2 0l + 1177V L] ) 1Ll
1
2

1
<CllL2ullm. < D1|| L2ullf, + Cr.

-2
Therefore,

d 1

ﬁ\IUH%& + Di||L2ul}, < Co. (3.17)

12



Similarly,
d 1
ol + Dall£2v]|F, < Cs. (3.18)

Hence, for all t > 0:
d 2 2 3o 1o
p (lullF. + llvll7.) + Ca (| 1L2ull7, + [1L20]|F. ) < Co+ Cs,

which, along (3.12) and (3.15), implies Lemma 3.2. O

Lemma 3.3. There exist positive constants 1 and C' such that for any 0 < € < &1 and (ug,v9) € X,
the solution (u,v) of problem (3.2)-(3.4) satisfies, for all t > 1:

L@ x. + lu®)llx. + lv®)llx. < C.
Proof. By (3.14), (3.15) and the first equation in (3.13) we get
1
Lol < C <||U||H6 + lollae + L5l e + L5 a. + llgﬁv- (9°JJ7VLS) ||HE> <C. (319

Taking the inner product of the second equation in (3.13) with L.u in H, we find

1d, 1 D, .
bl + Dty == (2H0 PO VD). L)
D
- (P9 (- I Ve - L)) L) L (20)
H.

By (3.14), the first term on the right-hand side of (3.20) is bounded by

(59 @19, L) 1< DIV IV ED el < (D1 Cenlfy . (3:20)
For the second term on the right-hand side of (3.20), we have
- (P19 (- 1PV - 19) L)
g H.
= —Dia1 (V(u—L7) - JJ"V(¢ — L3), Lou) g
— Dy <(u - L§>912v (2T TV (6 — L5)), ceu)H . (3.22)
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Using (3.14) and (3.19), the first term on the right-hand side of (3.22) is bounded by
Dion| (V(u— L) - JJ™V (¢—L5) Leu)y |
< Dyon||[V(u - L8)||3H JITV (¢ = Ly)lls|| Lcull2

< OV (u L)}V (u )I!HlH QJJT (@ = L3) |l [ Lull2

1 2 1
< (nczuHHE n rJTVLinHE) (ncauuHs TV + ] 5 <92JJTVL5>||HE)

N|=

T £ 1 T ISy
Y (HﬁschHg 7L+ |V (62 VL3>HH8) Voot

1
1 2 1
c (HESUIIHE +C) (ICeulm, +C)F |1 Coullm.

Dyl Ceully, + ]y, +C. (3.23)

oo\r—‘

The second term on the right-hand side of (3.22) can be estimated as

Doy

((a — L)LV (TG - 19) zzgu)

He

1 T
< Dion (Julo + | E5 ) |5V - (6217796 = 29) .| v,
1 T
< Dion (Juloo + 15 o0) (Hﬁaqbnﬂg AR VL§>||HE) | Coul .
1
< C|Leul|m. < gplucgun%{s +C. (3.24)

Combining the estimates (3.22)-(3.24), we obtain

Dia 1 1
(P59 (= 1T 5(6 - 1), L) | < pDulCaully + Clehal 4 (325)
H.

It follows from (3.20), (3.21) and (3.25) that, for all ¢ > 0,

d a5 2 2 3,012

pICeulls, + DillLeull, < CrllL2ulf, + Co. (3.26)
Similarly, for all t > 0,

dy 502 2 3112

1Ll + DaflLev]m, < CrllL2vlE, + o (3.27)
Hence, we have, for all ¢t > 0,

d 1 1 1 1
& (1e2ul, + 12301, ) + Ca (el + 2ol < €1 (Iekull, + 1E201, ) + oy (329)
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which, along with Lemma 3.2 and the uniform Gronwall’s lemma, implies that, for all ¢ > 1,
1 1
IL2u(®)|F, + 1L20(0)]F, < C.
The above estimate and the first equation in (3.13) conclude the proof. O

Applying Gronwall’s lemma to (3.28) for ¢ € (0,1), then by Lemma 3.3 and the first equation in
(3.13) we find that there exists £; > 0 such that, for any R > 0, there exists K depending on R
such that for any 0 < e < ¢e; and (ug, v9) € X with ||(uo, v0)|x.xx. < R, the following holds:

1£e0(t)llx. + [lu(®)llx. +[lo()]x. < K, for i >0. (3.29)

An immediate consequence of Lemma 3.3 also shows that all the global attractors A, are uniformly

bounded in € in the space H}(2) x HL(Q), that is, the following statement is true.

Proposition 3.4. There exist positive constants €1 and C such that for all 0 < ¢ < €1 and
(u,v) € A., the following holds:
[(u,v)||x.xx. < C.

The following is an analogue of Lemma 3.3 for the limiting system (3.6)-(3.8).

Lemma 3.5. There exists C > 0 such that for any (ug,vo) € Xo, the solution (u,v) of problem
(5.6)-(3.8) satisfies, for all t > 1:

[l + o)l < C.
In addition, there exists K depending on R when ||(uo, vo)||gixm < R such that for all t > 0:

[l + 0@l < K.

Next, we establish estimates on time derivatives of solutions for both the three-dimensional

system and the one-dimensional limiting system.

Lemma 3.6. There exists €1 > 0 such that for any R > 0, there exists K depending only on R
such that for any 0 < ¢ < &1 and (ug,v0) € X with ||(uo,v0)|x.xx. < R, the solution (u,v) of
problem (3.2)-(3.4) satisfies

¢ ou v t ou v
2 9o 9 odu 9 au o 2 (119U 2 v, o < KKt > 0.
2 (e + 15 1, + 15703, ) + [ o (150 B, + 15015 ) s < Kk, e 0

Proof. Denote by

U= —, V=

500 L _ou o
ot ot’ ot’

15



Differentiating (3.13) with respect to t, we get

ﬁgqg = /\05121 — )\05217,
ou

D _
S+ Dileii = g—;v . (alﬂgQJJTV(qS —L5) + a1(u— Lf)g2JJTV¢) ,
0% D _
87: ¥ Dolot = g—jv : (OQGgQJJTV(gb — L5) + an(v — L;)gQJJTw) .

From the above system, one derives

L(td) = haqti — Aastd,

%(ta) + DiLe(ta) = i — l;;v (on(t0)g2 LIV (6~ L5) + ar(u — L) T TV (19))

(3.30)
9 s 5 =54 22 NI IV (6 — LE e IO
Ot(tv) + DyL (tv) =0+ e V- (aa(to)gJ IV (¢ — L5) + as(v — L5)g“J IV (tp) ) .
The first equation in (3.30) gives
1£:(t9) |, < C ([tallm. + [[¢0]l ) - (3.31)
Taking the inner product of the second equation in (3.30) with ta in H., we have
sl + DR @l =Dren [ LV - 1) V)
, (3.32)
+ Doy /Z (u — L3)T™V(td) - TV (1) + t ],
By (3.29), the first term on the right-hand side of (3.32) is bounded by
1 1
Cllitallsl| 77V (¢ = L3) 6]l 7V (tu)]|2 < CHWHQ2 ”tu||]2_[1 HJT (@ = L) [TV (ta) 2
< CHtUHH ||'C2(tu)||HE (||55¢HHE + 1L L5 1) (3.33)
< CHtﬂH?{gHE? (tﬂ)H}‘}s < ngHﬁs2 (ta) |, + Clltall, -
By (3.31), the second term on the right-hand side of (3.32) is less than
- 5 1 1 1
Cllu = Lilloo | TV () [2ll77V (t0)[l2 < £ D[ £2 ()7, + ClIL2 (t)lI7,
(3.34)
<

1 1o i ~
gDullc2 (ta)llzy, + C (Itallz, + #0117, ) -

Multiplying the second equation in (3.13) by ta, after simple computations, we find that the last
term on the right-hand side of (3.32) satisfies

Hally, <Click o). (nca wllir + €2 L + 122 Bl + 112 HHE)

, (3.35)
< D2 (1), + C.
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Combining the estimates in (3.32)-(3.35), we get
d, . o - -
S ltallz, + Dill£2 (ta) |7, < C (Ital, + lto)E,) + C. (3.36)

Similarly,

d, . . Lo - -

%HWH%JE + Dy || L2 (t9) |7, < C (|tall7, + [[to])3,) + C. (3.37)
Finally, from (3.36)-(3.37), we have

d B _ 1 b ~ ~
pn (ltallz, +[[t9]1%,) + C (\53 (ta) |17, + [1£2 (tv)H?qE> < O (|[tall, + [ltolF,) + ¢,
which, along with Gronwall’s lemma, concludes the proof. ]

We now describe the analogue of Lemma 3.6 for the one-dimensional limiting system (3.6)-(3.8).

Lemma 3.7. Given R > 0, there exists K depending only on R such that for any (ug,vo) € Xo
with ||(uo, vo)||gix g < R, the solution (u,v) of problem (3.6)-(3.8) satisfies

0 ou ov t ou ov

2 2 2 2 2 2 2 K

& (1500 + 15518+ 150 18 ) + [ (1500 + 150080 ) ds < Kk, 220,
Proof. The proof is similar to that of Lemma 3.6 but simpler, and therefore omitted here. O

3.3 Upper Semicontinuity

In this section, we establish the upper semicontinuity of global attractors A, at ¢ = 0. We first
compare the solutions of the three-dimensional problem (3.2)-(3.4) and the one-dimensional limiting
problem (3.6)-(3.8), and then establish the relationships between the global attractors of the two

dynamical systems.

In what follows, we reformulate limiting system (3.6) as an operator equation. Let Hp be the

L?(0,1) space with the inner product (-,-), given by

1
(u, ), :/ gguvd:v,
0

and let ag(-,-) be the bilinear form on (H{(0, 1))2:

aolwy,wy) = [ 2en w2 _/12dwldwzx
LTI\ de ) da HO_Ogodx de
For f € L*(Q), let M(f) € L*(0,1) be the function:

M) = 1 [ Sz dyaz.
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Lemma 3.8. Suppose f € HY(Q). Then we have

If = M(H)lla. < Cel| flx.-

Proof. Notice that

ir-mig=/ [

Using the identity

2
dydzdzx. (3.38)

f(xayvz)—l/f(x,uw)dudv
T JD

@
flx,rcos,rsin@) =f(x, pcos ¢, psin @) —/ %f(:z,pcost,psint)dt
0

"o 0,7 sinf)d
/T g (x,7cos@,Tsinb)dr,

one can write

1 1 2m
/ / f(x,rcos@,rsin@)rdrdd = f(x,pcos o, psin @)
T Jr=0J6=0

1 1 2w 10} 8f af
_ / / </ <—p sint—=(z, pcost, psint) + pcost——(x, pcost, psin t)) dt> rdrdf
T Jr=0Jo=0 \Ji=0 oy 0z

1 (Y p2mooqe
_ = / / </ <cos Og(x, T cosf, 7sinf) + sin Hg(x, Tcosf, Tsin «9)) dr> rdrdf
™ r=0 J60=0 =" ay 82

Then, after simple computations, Lemma 3.8 follows from (3.38) and the above. O

Let (¢,P,Q) € (H5(Q))? and let (¢e,ue,ve) be a solution of system (3.2). In view of the
boundary condition (3.3) and the choices of L for k = 1,2, 3, we have

_as(d)e - §7w) = - )‘Oél(ue - Liw)Hg + )\052('06 - L§>w)Hga

1 [Ou.
o (7)), = el i Py v (- DLV - TR 220P)

1 [/0v. c e £
5, (@), = oetve - 15.@) o (1~ 906, - 19).£4Q)

H.

Let (¢, u,v) be the solution of the limiting system (3.6). View (¢, u,v) as an element in (H}(£))3.
Then a direct computation yields that, for (v, P,Q) € (H$(9Q))3,

—ac(¢p — L§,9) = — Ay (u— LY, ¥) . + Aao(v — LY, ), + F(¢ — LY, ),

1 [Ou
Dy <8t’ P> =—ac(u— LY, P)+ ay ((u —LYLl? (¢ — Lg),ﬁ;/QP)H
He. :
+Gi(u— LY, ¢ — LY, P), (3.40)
1 [Ov
D, (wQ) =~ ac(v — 13,Q) — oz (v LYLY*(6 ~ LY. £1?Q) |
H. 2

+ GQ(U - L(2)7¢ - LO)Q))

18



where, for appropriate functions p, ¢ and r, and for i = 1, 2,

0:9® 0293 g
Fip,o) =" - 22 )pera) +|pwyay+2a:)
g? 95 H. g .

0:9°>  0y02
G (p7 q, T) = =9 - 290 Dz, T - gipxa Yry + 272
g2 9 no \¢ H.

: 09> Ongp : g
+ (_1)l+1ai << IQ - :1:20 P4z, T + (_1)Z+1O‘i ;quu'w Yyry + 27y .
H. H.

g 90
Let

V= — L5 — (¢ — L§), P*=u: — L — (u—L}), Q° =v: — L5 — (v— LY).
Upon subtracting (3.40) from (3.39), we obtain that for any (v, P,Q) € H} ()3,

as(waﬂﬁ) :)‘al(PE7w)Hg - AO@(Q&J#)HE + F(d) - Lng)a

1 1 1
5 (0P% P)y, == a=(P*,P) + ((ug — LE)LEyF, L2 P>

1 He

1 1
+on <P€£§ (6 — 19), 3P) G- L0, 6— L4, P),

He

1

S (0@ Q). =~ Q% Q) — <<v€ — L§)CEyE, L2 Q)
2 H,

—a (ché(gb - L%),cécz) — Gy — L9 6 — 13, Q).

He

For the above system, we have the following estimates.

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

Lemma 3.9. There exists €1 > 0 such that, for any R > 0, there exists a constant K depending on
R such that, for any 0 < e < ¢e1 and (up,vo) € Xe with ||(uo, vo)||x.xx. < R, the following holds:

t
1P ()17, + 1Q° ()7, + v ()%, +/O (IP*(s)I%. + 1Q°(s)I%.) ds < eKe*, ¢ >0,

where (¢, ue,ve) is the solution of problem (3.2)-(8.4) with the initial condition (ug,vo), (¢, u,v)
is the solution of problem (3.6)-(3.8) with the initial condition (M (ug), M (vo)), and (%, P%,Q°) is

given by (3.42).
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Proof. Tt follows from (3.43)—(3.45) that

as(wg7 lba) :)\al(Pav wE)Hg - )\052(6257 wg)Hg + F(¢ - Lgv ¢5)7 (346)
L (0,P°, P?) ;. = — a.(P%, P°) + ay ((ua — Li)ﬁéw, cépf)
D1 € H.
+ay (PELE (¢ — LY), §P5> — Gy(u—LY,¢— LY, P°), (3.47)
HE
Di (Q°, Q%) . = — ac(Q°, Q%) — a2 ((ve — L5)L2y7, £§Q5>
2 HE
o (Q%é (¢ — L), 2 Qf) — Gy(v— 19,6 — LY, Q). (3.48)
H,

Next, we estimate each term on the right-hand sides of (3.46)-(3.48). The first two terms on the
right-hand side of (3.46) are bounded by:

Ao [(P5, 9% | + Aag (@, %) .| <C ([P . + [|Q7 | 1) (|9 |

1
<C (1Pl +1Q°I7.) + gac(@®,9%). (3.49)
By (3.10) we find that g satisfies
0:9°> 0.3
g - go < Ce.
g 90

Then, by Lemma 3.5, the first term in F(¢ — L3, 1) on the right-hand side of (3.46) is less than

83;92_0198) 7o z—:)
‘<< 9 % O b H.

It follows from (3.29) and Lemma 3.5 that the second term in F(¢ — L3, 1) on the right-hand side
of (3.46) is bounded by, for t > 0,

1
< Celly®[lF, < Ce*+ Jac(y%,9). (3.50)

(%00~ 8)csvirtor — 13) + 20:060 — 13)

He
< C(0ydellm. + 1100l n. + 10y L5 1. + [10:L5][m.) < Ce. (3.51)
By (3.46) and (3.49)-(3.51), we obtain, for all ¢ > 0,
l9= ()%, < Cac(v®,v%) < C (1P|, + |1Q°II%,) + Ce. (3.52)

We now deal with the right-hand side of (3.47). By (3.52), the second term on the right-hand side
of (3.47) is less than
aq

1 1
<(ua — Ly)L2yr, 2 PE) < C(IeeI%. + I1PI%) < CUIPI%. + I1Q°II%.) + Ce. (3.53)

£
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Since the functions ¢ and LY depend on z € (0, 1) only, we have
1 1
Li¢p=JVo= (0,600,  LIL§=JVL]=(0,L9,0,0),
which, along with Lemma 3.5 and the first equation of (3.6), implies that, for all ¢ > 0,

1
1£2¢llc0 = 1020 ]l00 < Cl10xdl| 1 < Cllo|lp2 < C. (3.54)

By (3.54), the third term on the right-hand side of (3.47) is bounded by

IN

aq

(P%é (¢ — LY), c: P€>

1 1 1
o (rcz¢||oo n H£3L2Hoo> 1Pl 122 PP
H.

1
< ClIPF|. + Ja=(PF, P?). (3.55)

Note that the term G on the right-hand side of (3.47) can be estimated in a similar manner as
(3.49)-(3.51). Therefore, it follows from (3.47) and (3.52)-(3.55) that, for ¢ > 0,

d

@HPEII?HE + P&, < CUIP |, + 1Q°N1%,) + Ce. (3.56)
Similarly, Q¢ satisfies, for ¢ > 0,

d €112 €112 €12 €112

1@ NE, +1@°l%, < CUPE, + 1Q°]I7.) + Ce. (3.57)

Then, it follows from (3.56)-(3.57) that, for ¢ > 0,

d

7 (Pl + 1Q°1%,) + I1PeI%, + Q%1% < CCIPII, + 1Q°I%,) + Ce. (3.58)

By Gronwall’s lemma, we get

IPEOI3, + QO3 < e (1P, + QO] ) +=c"
< 0 ((lug — M(uo) 3y, + 125 — L9, + llvo — M(uo) %, + 125 — LI3,) + et (3.59)

By (3.1) we see that L1, Ly € W1°(€Q,), and hence, for k = 1,2,

IL% — LRIl = |l /01 (yg%@k(x, sgy, 9%) + zgaaLZk(x, Sgy,sgz)> ds||3. < Ce2. (3.60)

From (3.59)-(3.60) and Lemma 3.8, we find that
1P (012, + Q)3 < =(C + 1), (3.61)
Integrating (3.58) between 0 and ¢, by (3.61) we conclude Lemma 3.9. O
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Next, we improve the uniform estimates in € given in Lemma 3.9.

Lemma 3.10. There exists €1 > 0 such that, for any R > 0, there exists a constant K depending
on R such that, for any 0 < e < &1 and (ug,vo) € Xe with ||(ug,vo)||x.xx. < R, the following holds:

0Q° 5
<|| 2+ 1 ||HE)+t(||PE|rX€+||@E||XE><fKer 1> 0,

where (Y=, P, Q%) is given by (3.42), (¢e,us,ve) is the solution of problem (3.2)-(3.4) with the
initial condition (ug,vo), and (¢, u,v) is the solution of problem (3.6)-(3.8) with the initial condition
(M (uo), M (vo))-

Proof. Denote by
opP* .07 - OYF
ot’ o = o VT

Differentiating systems (3.43)—(3.45) with respect to ¢, multiplying the resulting systems by ¢,

PF = (3.62)

replacing ¢, P and Q by MZJ, tP and tQ, respectively, we obtain

ac(t°, th%) =Ao (EP° 6% ) . — Aaa(EQF, t4°) fr. + tF (g, t)°), (3.63)
1 d & e e £ & £ % TEe % DE
5D, dthP HH + a.(tP%,tP%) = aqt atugﬁ ), E tP + aqt | (ue — L) L2, L2LP
H
+a1t< (¢> LY), L2 tP5> + aqt (P% by, L2 tpé)
H,
2 2
—aqt <<8”§’ - am‘;’O) (u—LY) ¢tz,tP5> (3.64)
g 90 H.
—agt (gx (u — LY) e, tydy P + 20 PE)
g H.
- 1 - -
— tG1(ug, ¢ — LI, tP°) + D—(Pe,tPE)HE,
1
1 1 1 ~
3 i1 B, + 007, 10°) = ot (Ouwohor, 2007) = aat ((ve - L) B0 L2007
H. H,
- 1 1 1 1
oyt (@%3 (6 19), 2 tQE) .y (@%3 b0, L2 tcza)
H. H
0.0  0,g° -
+ ot << - 30) (v—Lg)qu,th) (3.65)
g 90 H.

+ aot <g;(v — Lg)qﬁm, tyayQE + tz@zQ€>

He

— tG(ve, ¢ — LY, tQ°) + DL(QEv Q%) m.
2
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We now estimate every term involved in the above system. Note that (3.63) implies that
1 - -
ezt 13, < € (16P°13, + 1671, ) + O (3.66)

By (3.29) and Lemma 3.9, we see that the first term on the right-hand side of (3.64) is bounded by

1 1 1 1
ot <8tu€£§¢5,£§tP5> | < Ct)|yucllol| L20% ||| L2 2
He

roo11 1 1
< Ct[Opuc|l || 29713 122 9% | 7 1 £2EP7 2

IN

1 1 . 1 1
3511£2 tPe|[3r, + C(|£2 By |77, 1120 | 11 | £t | .

IA

1 1 1
5 Ic2 tPe||3,. + eCe“ ||tL2 Dpuc)3 . (3.67)

By (3.66), the second term on the right-hand side of (3.64) is less than

1. 1. 1
ayt ((ua - Li)cgw,cgtPf) 3—”55 tPe||3, +C (HtPsHHs + |th€||HE) +e2Ct7. (3.68)

He

By Lemma 3.7, the fourth term on the right-hand side of (3.64) is bounded by

CNELE Sl oo | PPN L2 P> < s |E26P Iy, + Clltdulla | P, < S| C20P7I, + <0 (3.69)

- 32
Other terms on the right-hand side of (3.64) can be estimated in a similar way as the proof of

Lemma 3.9. Therefore, by (3.64), (3.67)-(3.69) and the estimates for other terms, we have

1 d

31 - -
s 1P+ S1L2 6P, <C (0PI, + 14Q° ) + 2Ce +2C (Itwalf + ltwnln)

1 1 - -
+ VeCe“H|tL2 Bpuc |3, + 5 (5 tP%) . (3.70)
1

Next, we deal with the last term on the right-hand side of the above inequality. Replacing P in
(3.44) by td, P = tP*, we get

1 ~ = 1 d, 1 1 1
— (P, tP°)p. + it&HEé’PsH%{E = ((ua - L‘i)ﬁgwe,ﬁgtP‘f)

1 H.

1 1 ~
+ (PEES (p— LY), L2 tPE> — Gy(u— LY, — LY, tP?).
He

Using Lemma 3.9 and proceeding as before, we obtain from the above that
1

. 1 d. 1 1 1 .
—(P%,tP%) . + it%yyﬁg Pel3 < ZuﬁgtPEH%IE +eCelt + £2C. (3.71)
1
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Then it follows from (3.70)-(3.71) that

1 d

o i e+ IC2 Py, +

Nz P,
€ €112 Ct
< C (P13, + [4Q°|13,) +=Ce
1
+2C (s + lewil3) + VECE L2 0

which implies that

1d

1.1 5 _
i (oo I+ e1CE PR, ) < SICE P, + C (1071, + QPR ) + e

1
+ &2 (||tut||§{1 + ||tvt||%{1) + \/ECeCthEEQ@%H%{E. (3.72)

Similarly, by equation (3.65), we can show that

1d
2.dt

1.1 . -
(5, 1007V, + e£2 @718, ) < SIEEQRIR, +C (1P, + 10T ) + <0
1
+&2C (|[tue||3p + |[tvel|371) + VECeCH [tL2 Opve|Fr..  (3.73)
By (3.72)-(3.73) we find that

d
G (P, + 002 P+ e, + 1271, )

- 1 - 1 1 1
<C (Dl!ltpsll?qg + tllﬁeQPeII?{E + E\ItQallﬁg + || £2 Q€||%{£) L2 PN, + 1£2Q°| .
1 1
+eCe + 20 (|[tug|| 21 + |[tve]|%1) + vECeS! <||t£§ Opuc|| . + ||tL2 atvgn%{e) :
which, along with Gronwall’s lemma and Lemmas 3.6, 3.7 and 3.9, implies Lemma 3.10. ]

Let (cf, c5, ®°) be the solutions of problem (2.4)-(2.5) with initial datum (¢ 0, c2,0), and (c1, c2, ®)
be the solutions of problem (2.6)-(2.7) with initial datum (M(c1,0), M (c2,0)). Then as an immediate
consequence of Lemma 3.10, we find the following estimates which are essential to prove the upper

semi-continuity of the global attractors.

Lemma 3.11. There exists €1 > 0 such that, for any R > 0, there exists a constant K depending
on R such that, for any 0 < e <¢e1 and (c1,0,c20) € > with |(c1,0,c20)lx.xx. < R, the following
holds:

(li(®) = e, + I5(t) — 2(®)lIX.) < VeKe™, t>1.

We are now in a position to prove the upper semi-continuity of global attractors.
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Proof of Theorem 2.2. Let T°(t);>o and T%(t);>¢ be the solution operators of problem (2.4)-
(2.5) and problem (2.6)-(2.7), respectively. Then it follows from Proposition 3.4 that there is a
constant R > 0 (independent of €) such that

H(cl7c2)HXa><Xe < R, for all (61,02) € A..

For the given 1 > 0, since Ay is the global attractor of 7°(t), there exists 70 = 79(n, R) > 1 such
that, for any t > 7,

. n
£ T (Mz) — <2
nf I1T7(t)(Mz) — 20l x.xx. < 5’

for any z = (c1,c2) € Ac. On the other hand, by Lemma 3.11 we find that
IT=(10) — T(10) (M2)|| x.x x. < 1K (R)e ),

for some constant K (R). Therefore, we obtain that, for any z = (c1,¢2) € A.:
JInf [|17°(r0)z — 20]lxexx. < g +ei K(R)eXK (R,

which implies that, for € > 0 small enough:
dist x. x x. (TE(T()).AE, .AQ) <.

The proof is completed since T°(79).A. = A..

4 Appendix

The following lemma, which can be verified by direct computations, is used in the derivation of a

limiting PNP system in Section 2.1.

Lemma 4.1. Let ¢ : R" — R", ¢(p) = q, be a diffeomorphism, and let J(q) = g—g(dfl(q)) be the

Jacobian matriz and d(q) = (det J(¢q))~ . If a(p) = B(¥(p)) : R® — R is a smooth function, then

the gradients in the two coordinates are related as
Vpa(p) = J7(q)Vf(q).

n
Further, if > a%j (d(q)%> =0 foralli=1,---,n, and f : R" — R"™ is a smooth vector field,
j=1

then F(p) = f(tb(p)) taﬁ
Ve F) = 5oV () (@)f(a).
and hence, the Laplace operators are related as
£y0(0) = 2259y (d0)T(0) T (@) V8(0).
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The next lemma is used in the homogenization of boundary conditions in Section 3.1.

Lemma 4.2. Let h : [0,1] — R be a smooth function. Then, for any ¢ > 0, there is a func-
tion H® : Q. — R such that H¢(X,0,0) = h(X), H*(0,Y,Z) = h(0), H*(1,Y,Z) = h(1), and
(VHE(X,Y,Z),n) =0 for (X,Y,Z) € M..

Proof. We provide a specific construction of a function H¢. For convenience, hereafter, we denote
by ¢'(X,e) = g—)’}(X,e). For any € > 0 and X, € [0, 1], let X = ¢°(¢, X¢) be the solution of

X _ 9(Xe)
dt — g(X,e)

(4.1)

with ¢°(0, Xo) = Xo. It is easy to see that ¢° (¢, Xy) is even in ¢ from the equation. Since ¢'(0,¢) =
g (1,e) =0, ¥°(¢,0) = 0 and ¢°(¢,1) = 1 for all t. Therefore, for any (X, t) € [0,1] x [0,g9(X,¢)],
there is a unique Xy € [0, 1] such that X = ¢°(¢, Xy), and hence, for any (X,Y,Z) € Q., there
is a unique Xy € [0,1] such that X = ¢°(vVY2+ 22, Xg). Set H*(X,Y,Z) = h(Xp) if X =
W (VYZ+ Z2,Xo). Then, H(X,0,0) = h(X), H(0,Y,Z) = h(0) and H*(1,Y,Z) = h(1). It
remains to show that, for (X,Y, Z) € M., (VH®(X,Y, Z),n) = 0. For any X, € [0,1], the set

D(Xo)={(X,Y,2): X =¢*(VY2+ 2722, Xo)} ={(X,Y,Z2): HX,Y,Z) = h(Xy)},

is a level set of H*. Note also that the curve {(X,Y,0) : X = ¢°(Y, Xo)} lies on D(Xj) and it is a
solution curve to (4.1) if Y is viewed as the t-variable. Therefore, at (X,Y,0) = (X, ¢(X,¢),0) €
D(Xp) N Ms, the vector

<_ygg(<j§)>10) — (~¢(X.€),1,0)

is tangent to D(Xj), and hence, (VH®(X,g(X,¢),0),(—¢(X,€),1,0)) = 0. Since n is parallel to
(—¢'(X,€),1,0), (VH(X, g(X,¢),0),n) = 0. Due to the rotation symmetry of M. and H¢ about
the X-axis, we conclude that, for (X,Y, Z) € M., (VH*(X,Y,Z),n) = 0. O
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