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Abstract

We consider ionic flows through an ion channel via a quasi-one-dimensional
classical Poisson-Nernst-Planck model. The specific biological setup involves
ionic solutions with three ion species and the permanent charge is set to be
zero. It is known that, for ionic flows with two ion species, the spatial profiles
of the electric potential and the ion concentrations are monotonic, independent
of boundary conditions. For ionic flows with three or more ion species with at
least three different valences, depending on the boundary conditions, the profiles
could be oscillatory. In this work, for ionic mixtures with two cation species of
different valences and one anion species, we will provide a complete classifica-
tion in terms of boundary conditions on when the profiles are monotonic and
when they are oscillatory. This would be an important step for studies including
nonzero permanent charges.
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1 Introduction

1.1 A brief background of ion channels and ionic flows

Ionic flow, migration of charged particles, is essential for living organisms. Moving
through membrane channels, ionic flows provide communications between cells to
coordinate with each other for biological functions (see [15, 16, 17, 18, 19, 42, 45]).
Protein structures of ion channels can be viewed as nano valves for life (see, e.g.,
[5, 8, 9, 22]). Ionic flow properties are major concerns of physiological ion channels
and are controlled by the nonlinear interplay among permanent charges (protein struc-
ture), transmembrane electric potential, and boundary concentrations of ion species
involved. Ionic flow through ion channels is a special electrodiffusion process with
a number of specifics. It is a problem with multiple interacting physical parameters
and presents multi-scales too (see [1, 10, 11, 27, 28, 38, 39, 40, 41, 50]).
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While experimental technology of ionic flow properties has been constantly ad-
vanced since the time of Hodgkin and Huxley, the current-voltage (I-V) relation de-
fined in (1.5) below remains to be the major experimental measurement of ionic flows
(see, e.g., [2, 4, 7, 23]). The I-V relation is an input-output type information of an
average effect of physical parameters on ionic flows; in particular, it is still not pos-
sible to “measure/observe” internal dynamical behaviors of ionic flows, such as, the
spatial profiles of the electric potential and the ionic concentrations. This limitation
of experiments makes it difficult for researchers to extract quantitative information or
identify characteristics from experimental data that are critical for classifying general
behaviors/phenomena and understanding underlying mechanisms of ionic flows.

The aforementioned challenges strongly suggest the importance and uniqueness
of mathematical models and analysis and numerical simulations as complementary
tools to the physiological theory and experiments. Mathematical study could provide
deep correspondences from the multiple parameters involved to the internal dynamics
and to properties of ion channels, at least for the simplified settings used in many
biological experiments. The basic primitive models for ionic flows are the Poisson-
Nernst-Planck (PNP) type models and have been analyzed and simulated extensively.
The geometric singular perturbation theory, relying crucially on special structures of
the PNP models, has been developed in [11, 24, 27, 28, 32|, which allows a systematical
study of several ion channel problems in [3, 12, 20, 25, 26, 29, 33, 34, 47, 48].

In this work, we consider a quasi-one-dimensional classical Poisson-Nernst-Planck
(cPNP) system for ionic flow involving three ion species with different valences. Our
focus is on basic behaviors of internal dynamics; that is, the monotonicity of the
spatial profiles of the electric potential and the ion concentrations. In the case of
zero permanent charge, it is known that the spatial profile of the electric potential is
monotonic (see, e.g., [28, 32]) and, for ionic flows with two ion species, the spatial
profiles of the ion concentrations are also monotonic, independent of boundary condi-
tions (see, e.g., [1, 11, 24, 26, 27, 30, 32, 46, 49]). On the other hand, for ionic flows
with three or more ion species with at least three different valences, depending on the
boundary conditions, the profiles of the ionic concentrations could be oscillatory (see,
e.g., [28, 32]). For ionic mixtures with three species (two cation species of different
valences and one anion species), we will provide more or less explicit criteria in terms
of boundary conditions for monotonic profiles and oscillatory profiles of the ionic
concentrations. This would be a first step for studies including nonzero permanent
charges (see, e.g.,[44]).

1.2 A quasi-one-dimensional model

For ionic solution involving n types of ion species, a quasi-one-dimensional stationary
PNP model is (see, e.g., [31, 35])
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where X € [a, b] is the coordinate along the longitudinal axis of the channel, A(X) is
the cross-section area of the channel over X, €,(X) is the relative dielectric coefficient,



g0 is the vacuum permittivity, ey is the elementary charge, Q(X) is the permanent
charge density, kp is the Boltzmann constant, T is the absolute temperature; ® is
the electric potential, and, for the k-th ion species, z is the valence (the number of
charges per particle), Cy is the concentration, J(X) is the flux density through the
cross-section over X, Dy(X) is the diffusion coefficient, and puy is the electrochemical
potential depending on ® and CY.

The electrochemical potential ui = qud + pi* consists of the ideal component ,u};d
and the excess component pj*. The ideal component ,u,}’;d is given by

; C
pid = zpeo® 4 kpTIn —k (1.2)
Co
and accounts for point-charge effect, where Cy is a characteristic concentration. The
excess component uj* accounts for finite sizes of ions that is not completely under-
stood but has been approximated and tested extensively (see, e.g., [6, 13, 14, 21, 24,
36, 37, 43]). The classical PNP (cPNP) model deals only with the ideal component

T
Associated to system (1.1), we consider boundary conditions, for k =1,2,--- | n,

®(a) =V, Cikla)=Ly>0; ®(b)=0, Ci(b) =Ry >0. (1.3)

For boundary conditions, one often imposes the electroneutrality conditions to avoid
sharp boundary layers (see, e.g., [47, 48] for a reason)

n n

Y zlLy=) zR,=0. (1.4)

s=1 s=1

A major quantity from lab experiments is the I-V (current-voltage) relation de-
fined, in terms of solutions of the boundary value problem (BVP) (1.1) and (1.3), as
follows. For fixed L£;’s and Ry’s, a solution (®,Cy, Jx) of the BVP will depend on
the voltage V only. The stationary current (the flow rate of charges), Z, is given by

=Y zJVi{Le} {Ri}). (1.5)

s=1

1.3 The dimensionless quasi-one-dimensional PNP model

For convenience of mathematical analysis of the BVP (1.1) and (1.3), we will work
on a dimensionless form. Let Cy be a characteristic concentration of the problems,
for example,
Cop = max {L;,Rg, sup |Q(X)|}.
1<ksn { Xelo,]] )
Set

Do = max { sup Dg(X)} and & = sup & (X).
1<k<n ~ xelo,]] Xelo,l]



Let
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In terms of the new variables, the BVP (1.1) and (1.3) with u, = ui? given in
(1.2) becomes the following quasi-one-dimensional classical PNP:

e d d 3
— & @)A@) ¢ ) = =) zes — Q(a),
A(z) dx <€ dx > ;

(1.6)
ai _ _ deg as
T = 0, Jr = Dy(x)A(z) I + Dk(x)zkckA(x)dx, k=1,2,...,n.
with the boundary conditions
€p ﬁk Rk
0)=V=—7 0) =1l =—; 1)=0 1) =ry=—. 1.7
O =V =19V a) == o) =0, al)=n=gk (L)

The electroneutrality boundary conditions in (1.4) and the I-V relation (1.5) read
now

izsls = izsrs =0 and I = iszs(V; {le}, {rx})-
s=1 s=1 s=1

The quasi-one-dimensional cPNP system (1.6) is a simplest PNP type model for
ionic flow. The purpose of this paper is to provide a detailed analysis to the BVP (1.6)
and (1.7) for n = 3 with z; > 29 > 0 > 23 and with zero permanent charge @) = 0.
This work is based on the result in [32] on the existence and uniqueness of solutions of
the BVP (1.6) and (1.7) recalled below. We remark that, in [32], the authors assume
A(z) = 1 for simplicity. The result can be easily extended to general A(x) and we will
provide the result without details. It should become clear from the rest of the paper
that the BVP (1.6) and (1.7) even with @ = 0 is already quite involved. We believe
that the analysis provided in this paper will become a fundamental step and be useful
for further studies of more sophisticated PNP models that take into consideration of
permanent charges and ion sizes for ionic solutions with three and more ion species.

The rest of the paper is organized as follows. In Section 2, we review the relevant
general result in [32] that this paper is based upon and identify our main concerns
in this paper in terms of zeros of a meromorphic function g(z) defined by boundary
conditions. Section 3 focuses on three ion species and contains the main results
(Propositions 3.5, 3.6, and 3.8) as well as detailed analyses on the zeros of g(z) to
determine boundary conditions for monotonic or oscillatory spatial profiles of ionic
concentrations. In Section 4, we provide explicit formulas for fluxes and current in
terms of boundary conditions and the zeros of g(z). We expect that these explicit
formulas could be very useful for further studies on ionic flow properties.



2 Relevant results from [32] on the BVP (1.6) and (1.7)

We now recall some relevant results in [32]. In [32], it took a uniform cross-section area
A(z) = 1. We will state the result for general A(x) and comment on the differences it
makes in the proofs in [32] at the end of this discussion. In the following, we assume

(A1) z1,2,...,2, are nonzero and distinct, &.(x) = 1, Q(z) = 0, and Dg(z) =1 for
all k:

(A2) L = (I1,l0,...,0,)T #0, R = (r1,r9,...,m0)" # 0, (I, r%) # (0,0) for any k,
and V > 0.

Remark 2.1. Regarding the assumption that V' > 0 in (A2), we first comment that, if
V =0, then the solution of the BVP (1.6) and (1.7) is given by

H(:v))l H(x) 1 (e — Ia),

¢W=Q%@:O_mn am™

where H(x) = / A7Y(s)ds. So we will not include this case in the remaining study.

0
Secondly, the BVP (1.6) and (1.7) has the apparent symmetry with respect to the
change x — 1 — x. In particular, the problem with V < 0 can be converted to that
with V>0 as in (A2). O

For @ = 0, the authors of [32] applied the geometric singular perturbation frame-
work developed in [28] to reduce the BVP (1.6) and (1.7) to a singular connect-
ing problem and the singular connecting problem is shown to be equivalent to: de-
termining a (column) vector f € R™ so that the matriz D(f) = I' — fbT, where
[ = diag {z1,22,...,2n} and b= (22,23,...,22)T, satisfies

R=¢"PUL
and, for C(1) = e"PUIL e R, 7 € [0,1],

ck(t) >0 for k=1,2,...,n.

We note that the matrix D(f) determines f uniquely. It turns out the special
structure of D(f) allows its eigenvalues to determine f (and hence D(f)) uniquely
too. In fact, one has

Theorem 2.1 (Theorem 3.1, [32]). Suppose Ai,..., A, are distinct eigenvalues of
D(f) with algebraic multiplicities s1,...,sp, (so that s; +s2 + ...+ s, =n). Then

1 izl(zj — )\k)s’“

4rbiI11§k§nk¢j(Zi_'Zk)

fi for j7=1,2,...,n.

Let g : C — C be the meromorphic function given by

n

"L 22 . 221,
glz) =) L —eVEy " SRR (2.1)

2 — 2 2 — 2
=1k =1k



Set

771z{kE{1,2,...,n}:7’k7§evz’“lk},
Pzz{ke{1,2,...,n}:rk:evz’“lk}.

Then, P; and P; form a partition of {1,2,...,n}, that is,
PiNPy=10 and {1,2,...,n} =Py UPs.

For k € P, z is a simple pole of g(z) and, for k € Ps, zj is a removable singularity
of g(z). Let m = #(P1) be the number of elements in P;. Then n —m = #(P2).
For any integer p > 0, define the (open) stripe S, in C as

Sp={z=z+iy: ye (- 2p+1r/V,2p+ 1)m/V)}.

Theorem 2.2 (Theorem 3.5, [32]). The meromorphic function g(z) has infinite many
zeros. More precisely, for each integer p > 0, g(z) has exactly m + 2p zeros (counting
multiplicity) in the stripe Sp; in particular, g(z) has exactly m zeros in the stripe Sy
and, for any p > 1, g(2) has exactly one pair of complex conjugate zeros in S,\S,—1,
one in each connected component.

Since g(z) has exactly m zeros (counting multiplicity) in the stripe Sy, the total
number of zeros (counting the multiplicities) and removable singularities of g(z) in
the stripe S is exactly n.

Let A1, A2, ..., A, with multiplicities s1, s2,..., s, be all the zeros and the remov-
able singularities of g(z) in Sp. Necessarily, si + s2 + ...+ s, = n. It turns out
Aj’s (counting the multiplicities) are exactly the eigenvalues of D := D(f). Then the
unique singular orbit is determined by

o(r) =V — 7V, C(r)=e"P7L, H(e(r)) = VI /OTbTC(s)ds, (2.2)

where 7 is an intermediate variable such that (1) = 1. Furthermore, with J = I'f,

n

4 /1 VD |4 /1 T VD
J=—— Te"”*Lds— R+ L, I= Zsds = —— b' eV “°Lds,
H() Jo 2 H(1) Jo

s=1

where I' = dig{21, 22,...,2,} and b1 = (zf,z%,... 22) are introduced previously

when D(f) is defined.

Note that if A(z) = 1, then H(z) = x and (2.2) is nothing but the formula (2.16)
in [32]. For general A(x), the only difference is, for example, in display (2.14) in [32],
there is an extra factor A~ (w) on the left-hand side of the w-equation, which leads
to the function H(z(7)) on the left-hand side of (2.2).

3 Zeros of the function ¢(z) in (2.1) for n =3

It is noticed that A = 0 is always a zero of g(z) (and hence, an eigenvalue of D) due
to the electroneutrality boundary conditions Y o, zsls = > o zers = 0. For n = 2,
the other eigenvalue of D must be real too — in fact it is V"!(In7; —Inl;). This is the



reason for the spatial profiles of ionic concentrations to be monotonic for n = 2. It
is thus interesting to know, for n > 3, when there are complex conjugate eigenvalues
and, most importantly, what the implications are to ionic flows. Our interest for
n = 3 in this paper is reduced to determine when the other two eigenvalues are real
and when they are complex (necessarily as a conjugate pair).

As mentioned above, we will consider n = 3 with z; > 25 > 0 > z3, which includes
the cases for ion mixtures with Ca®™™, Na' and Cl~, and with Ca™, K* and Cl™.
We will work with the function g(z).

3.1 Preparations

For easy of notation, we introduce

3 3 3 3 3
PZ:HZj, Sl: lj, ST: Tj, Al: Zjlj, AT: ZjTj.
J=1 J=1 J=1 J=1 J=1

We first make some technical preparations.
Lemma 3.1. The function g(z) in (2.1) can be written as

3 .

3
~ ~ 23T B 2:1
9(z) = zg(z) where g(z) = E ﬁ_ev Ejﬁ
J J

j=1 j=1

Proof. It follows from the electroneutrality boundary conditions

3
ZjT‘j = E Zjlj =0
Jj=1 Jj=1
that
3 2. 3 3
25T B Zj(Zj — Z)Tj + zzr; _ ZiT;
Zz-—z Z Zi— 2 Zz-—z
j=1"7 j=1 J j=1"7
and 5 ;
25l 24l
J
2 : J _ z} : 7Y
Zi— 2 Zi — 2
j=1"7 j=1"7
The statement is a direct consequence. O

Obviously, the other zeros A2 and A3 of g(z) under consideration are just those of
g(z). We introduce

1 3
hz) = 19(2) [1G =)
j=1

Note that, for k € {1,2,3}, 2z is a removable singularity of g (an eigenvalue of D) if
re = €V 1. In this case, 2 is a zero of h(z). Thus,

Proposition 3.2. The other two eigenvalues Ay and A3 of D are exactly the zeros of
h(z) in the stripe Sp.



Lemma 3.3. The function h can be expressed as

h(z) = (z — ml)ev‘z —p(z —my), (3.1)
where
S S, A
= —7 1=z ) r=——P, s e
my AlP >0, m A, >0 ay > 0.

Proof. First of all,

3 8.
H(Zj —2) Z LRI 21(z0 — 2) (23 — 2)r1 + 22(21 — 2)(23 — 2)1r2 + 23(21 — 2)(22 — 2)73

j=1 j=1 S
3 3 3
H Z 2(z1(2z2 + z3)r1 + 22(21 + 23)r2 + 23(21 + 22)13) + 2 Z 25T
j=1 j=1 7=1
Since Z?Zl zjr; = 0 and
3 3 3
z1(z2 + 23)r1 + 22(21 + 23)r2 + 23(21 + 22)7 Z Zj Z 215 — Z Ay =
j=1 j=1 j=1
one has
3 Sz
H(zj—z)z 1) =P8 + Az
i i
Similarly,
3 3., 1
H(ZJ_Z)Z I = P,S + Az
j=1 =T
The formula (3.1) for h(z) then follows. O

Lemma 3.4. The following relations hold.

ZlAl+Ple T ZlAr+Per
ll 21 Z1A23_) 21— 25 1 ZI(Z1XZ§,—)£’21_Z3)
— R laop — _ Z2NptlpOr
l2 - 2z2(z2—21)(22—23) z2 Z3 and T2 - z2(22—21)é22—z3) ’
l3 _ zMNHPS T3 _ z3A+ P Sy
L z3(z3—21)(23—22) 21)(23 22) i z3(23—21)(23—22)
or equivalently,
zZ1—my T Z1—My
ll 21(21222)7(51—23) ™ 21(21222)71(121*23)
_ 2y _ 2— My
l2 - Al 22(22—21)(22—23) and T2 - AT Z2(Z2*Z1)(z2723)
l3 23—my ,),;3 Z3— My
L 23(z3—21)(23—22) z3(23—21)(23—22)

In particular, if z; > 29 > 0 > 23, then 20 < my,m, < 21.

Proof. 1t is clear that

Sl ll Sr T1
0 | =W ]l |, 0 | =W]|r|,
Al l3 Ar T3



where

1 1 1

W = Z1 k2 Z3

A

Simple calculations yield
1

. (21—22)(21—23) ? 0 2023 —(z2+23) 1
W= 0 [EEEVETR) 0 Az —(ztz) 1
0 0 S — 2129 *(214»22) 1

(23—21)(23—22)

The relations claimed then follow directly. The range for m; and m,. is a consequence
of [; > 0 and r; > 0. O

3.2 Roots of h(z) =0 in the stripe S
Recall that we assume V' > 0. To characterize Ay and A3, we consider three cases:
Case (a): m, =my; Case (b): m, <my; Case (c): m, >my.

3.2.1 Cases (a) and (b)

For these two cases, Ao and Az are real; more precisely, we have

Proposition 3.5. For Case (a) where m; = m,, one has
h(z) = (z = m) (e = p)

and it has two real zeros

In >0, if p>1
A=m; and A3= Vp =0, if p=1
<0, if p<1

For Case (b) where m, < my, h(z) has two distinct real roots A2 and A3 satisfying

Ay < 0, if pm, < my
Ao =0, if pPMy =My and Az > my.
0< o <my, if pm, >my

Proof. For Case (a), one has h(z) = (z —my)(e"* — p). The claim then follows. For
Case (b), we rewrite h(z) = 0 as hi(z) = h,(z) where
z—my

— L v, —
hi(z) = pe and h,(z) = .

The statement follows easily from the graphs of h;(z) and h,(z) shown in Figure 1. [



Figure 1: Graphs in Case (b) m, < my: first for pm, < my, second for pm, = my,
third for pm, > my
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3.2.2 Case (c) where m, > my

We split this case into three subcases:
(cl) pm, <my; (c2) pm, =my; and (c3) pm, > my.
For Subcases (c1) and (c2), we have the following result.
Proposition 3.6. For Subcase (cl), h(z) = 0 has two real roots A2 and Az with
Ao <0< A3 <my.

For Subcase (c2), h(z) = 0 has two real roots Ay and A3 with

Ao <0 and A3 =0, ifV<lemer
A =0 and A3 =0, ifV:le_er
Ae=0 and 0< A3 <my, if V> - — &

Proof. For Subcase (c1) where m, > m; and pm, < my, the graphs of h;(z) and h,(z)
are plotted in Figure 2. Due to the fact that 1/p > m,/my, in this subcase h(z) =0
always has two real roots Ay and Az with Ay < 0 < Az < my.

6 \

Figure 2: Graphs of Subcase (c1) m, > m; and pm, < my

For Subcase (c2) where m, > m; and pm, = my, the graphs of h;(z) and h,(z)
are plotted in Figure 3. In this subcase h(z) = 0 has two real roots, at least one of
which must be zero. Now

j(0) = -

Vv Vm,
AU K. (0) = .
p my ms

Clearly, if hj(0) < h;.(0), then another root is negative, if hj(0) = h}.(0), then 0 is a
double root, and if Aj(0) > h7(0), then another root is positive. The statement then
follows. N

11
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It remains to consider Subcase (c3) where m, > m; and pm, > m;. To state the
result for this subcase, we introduce several quantities:

; 24 V(my —my) +/(2+V(my —my))? -4

)

2
2 r r 2
P(t)_lexp : _(1+%>t+% )
t (1)

Recall that we assume V' > 0. The next result can be established easily.

Lemma 3.7. One has

(t—1)?

t>1, V=——101
(my —my)t

and p(t) < p(1/t).

Furthermore,
(i) if 0 <V <1/m;—1/m,, then 1 <t < m,/m; and p(t) is strictly decreasing;

(i) if V' > 1/m; — 1/m,, then t > m,/m; and p(t) is strictly increasing.

12



(iii) For ¢t > 1, p(1/t) is strictly increasing in ¢, and

lim p(1/t) = o0 and limp(1/t) = 1.
t—1

t—o00

The main result contained in the next proposition is on the nature of A9 and A3
for this subcase.

Proposition 3.8. Consider Subcase (c3) where m, > m; and pm, > m.

(I) Concerning double roots A2 = A3, one has

. 1 1 T 3 —

(i) For V € (0, vl m—r> orte (1, %), if p = p(t), then p € (%, 1) and
my T

there is a negative double root; if p = p(1/t), then p € <1, %eml ’"T)

and there is a double root in the interval (m, 4+ my, c0).

(ii) For V € (L_L oo) orte (%, c>o>7 if p = p(t), then p € (ﬂ oo)

my; my’ my’
and there is a positive double root in the interval (0, m;); also, there exists
to > % such that p € (%, 1) when t € (%’l", to) and p € [1, oo) when

my my

t € [tg, 00); if p = p(1/t), then p € (%eml mr oo) and there is a double
root in the interval (m,, m, + m;);
(iii) For V = m% — mir or t = T if p = p(t) = my/my, then Ay = A3 = 0, which

my My
is shown in Subcase (c2); if p = p(1/t) = =e™ ™, then the double root
is m, + my.

(IT) If p € (p(t), p(1/t)), then h(z) = 0 has a pair of complex conjugate roots.
(IT) Concerning distinct real roots A2 and A3, one has

(i) for p > p(1/t), h(z) = 0 has two distinct positive roots Ao, A3 > m,;

P ) o . 1 1
(ii) if 7+ < p < p(t), then h(z) = 0 has two neglatlve 11roots for0 <V < -—0
and two positive roots in (0,my) for V' > - — -

Proof. (I). We first consider the possible double root situation of h(z) = 0. This
happens when z satisfies

hi(z) =he(2),  hi(2) = hy(2),

that is,
leVz_Z_mT KeVz my —my

p z—my’ p (z —my)?

Substituting the first equation into the second one, we have

Vz—mr my —my
z—my (2 —my)?
or
m, —my
z2—(mr+ml)z+mlmr—rT:O,

13



which has two roots

my +my £ \/(mr +ml)2 _4(mlmr - W)

2= 5

In order to have Ay = A3 = (; for j = 1 or 2, (; must satisfy

Lvg _G—mr oV ovg _ mr—mu (3.3)
5 .
p G —mu p (G —mu)
Let us first consider the smaller root (;.
Myr—m
mr+mlf\/(mr+ml)274(m5mr7TTl) 1 1
G = oy — — (1 . 7) (3.4)
2 v t
where ¢ is given in (3.2).
4 T vd 4 TT
| / [
351 ! / e 351 ““ ‘
S /i
or [ g sr [
/i i
251 // i 25 / i
/) / |
2 m/m, j,/ | 2 m /m, () |
Up i P " i
e = : Y :
1 I - ! : 1 I 1 :
051 : - /;“;)/, 05 S : - ;(;)/,
i -~ ' h i / '
0 f 7 i T 7
A2, im, / m, Aodgm /m
05 I 05 i
i / i /
. [ 4 P
1 1

Figure 4: Graphs in Subcase (c3) pm, > my in smaller double root situation: first for
V<m%—miw secondforV>m%—mir

From the graphs of h;(z) and h,(z) in Figure 4, one has (; < my, which is also
obvious from the last expressions in (3.4). From the first expression in (3.4), one has

(1 <0, if V< -
G =0, it V=
0< ¢ <my, ifV>m%—m%

It follows from the first condition in (3.3) that, if (; = 0, then p = m;/m,, which
contradicts to pm, > m;. Therefore, for V.= 1/m; — 1/m,, h(z) = 0 cannot have
double roots. Note that this situation is covered in Subcase (c2).

Next we analyze the other two situations: V < m% — n% and V > m% —
Lemma 3.7,

1
my "

From
(t—1)
(my —my)t

V= (3.5)

14



Hence, using the second relation in (3.3) with ¢; and (3.4),

=: p(t),

=_¢
(my —my)t t P (@ _
my

which is the same as the one defined in (3.2). Clearly if t := t(V) is viewed as a
function of V, it is strictly increasing.

2 . .
1 <mlt2—(ml—|—mr)t+mr> 1 t _<1+%)t+%
1)t

When 0 <V < 1/m; — 1/m,, from Lemma 3.7, one has 1 < t < m,/my, and p(t)
is a strictly decreasing function of ¢ as well as V' on the given interval. Moreover, one
has m;/m, < p(t) < 1. Therefore, we have the following one-to-one relations

1 1
,oe(ml,l) — VE(O,—) — te(l, m)
my my my my

Using (3.4) and (3.5), one can write

_ t—me
o me—my m
GQ=my— = =m—r =G, (3.6)

that is, (1 can be viewed as a strictly increasing function of ¢, therefore also a strictly
increasing function of V. This shows the first part of (i).

When V > 1/m; — 1/m,, from Lemma 3.7, one has ¢ > m,/m; > 1 and p(t) is a
strictly increasing function of ¢ as well as V, satisfying % < p(t) < co. Again, this
exhibits the one-to-one relations

pe|—, © +— Ve|l———, +— te|—, 0.
my my my my

On the given interval of V, (; is the double root of h(z) = 0, that is,
Ao = A3 = Cl S (O, ml).

Again, (j is a strictly increasing function of ¢ as well as V.
Because m;/m, < 1 and p(t) is increasing for ¢ > m,/m;, there must be a unique
to € (my/my, 00) such that p(tp) = 1. Thus, tp must be a root of the equation

(t - :;7) (t—1)

(5 -1)¢
It is obvious that [t < p(t) < 1 when <t < tgand 1 < p(t) < oo when
to <t < oo. This proves the first part of (ii).

Note that (3.7) has two roots, one is ¢y and the other is 1. Note that both p and
(1 can be considered as functions of V' as well. Since

t = exp (3.7)

v _ e
dt — (my —my)t?’
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Figure 5: Graphs in Subcase (c3) pm, > my in larger double root situation

one has
dp ™ (t B %) exp (t_ %) (t—1) g G (e — )
— = X , e = e = —— .
av t(t—1) (% _ 1) " awv 4 (=13t +1)
Now for the larger root (3, we have
t—1 1 1
L S Y )
Gx=myt e =m +V< /

where t is defined in (3.2). Since ¢ > 1 (Lemma 3.7), one has (2 > m, (see also
Figure 5). From the first relation of (3.3) and using (3.5) one has

(mr(L;n—r Till:,;t)t_ 1)) =texp (77%{% 1)1(; t_ D = p(1/t),

my

p =texp (

where p(t) is defined in (3.2) as well. Observe that with (3.5),

my — Ny myt —my
= = = 1/t
CQ m’!’+ t_l t—l C1</)7

where (;(t) is defined in (3.6). From Lemma 3.7, p(1/t) is strictly increasing for
t > 1, or equivalently for V' > 0, and 1 < p(1/t) < oo for 1 <t < co. This shows the
one-to-one relations

pe(lyo0) +— Ve(0,00) +— te(l, o).

The second parts of both (i) and (ii) then follow from the properties of p(1/t) and

G(1/t).
Also, we have d(y/dt = d¢i(1/t)/dt = —(m, —my)/(t — 1)? and

dp(1/t) B myt (%t — 1) . (%t — 1) (t—1) & B (m, — ml)2t2
av - -1 P

(2e-1)e )7 WV (=13 +1)

my

16



Figure 6: Graphs in Subcase (¢3) p(t) < p < p(1/t): roots in complex conjugate pair

To summarize, for h(z) = 0 to have a nonzero double real root, that is, Ao = A3 # 0,
it is necessary that m, > m; and pm, > m;.

(IT) From Lemma 3.7, one has p(t) < p(1/t) for t > 1 or V> 0. For p and V in
the region given by the inequalities p(t) < p < p(1/t), the equation h(z) = 0 does not
have a real root. See Figure 6. So it has a pair of complex conjugate roots Ao and As.

(III) It can be seen from Figure 7 that, if

<P < plt)
then h(z) = 0 has two real roots, either both are negative or both are positive,
depending on whether V' < m% - n% or V > m% — mir The properties also follow from
the continuity of the roots of hi(z) = h,(z) corresponding to p and the results in (i)
and (ii) of Subcase (I) when p = p(t). Note that 0 cannot be a root of h;(z) = h,(z)
when p > L.

Similarly, in the case that p > p(1/t), one can show that h(z) = 0 has two positive
real roots Ao, A3 > m,.. See also Figure 8. ]

For Case (c), the relations between p and V' as well as the roots of h(z) = 0 are
plotted in Figure 9.
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Figure 7: Graphs in Subcase (c3) mi/m, < p < p(t): real roots with same sign

4

T
|
|
[
| |
[
3 |
L |
[
250 /!
/ i
.
2 mim, | ‘
/ i
15 |
I !
| e | |
1 i
i —
05 | )
| L
o] 1 :
o f—o— | /
m| i m/ )\2 /\3
05 -
I [he
4 | ‘
-6 4 5 L : 4 |

Figure 8: Graphs in Subcase (¢3) p > p(1/t): real roots Aa, Az > my

4 Fluxes and current for n = 3 in terms of \;’s

In this section, we will provide formulas for the fluxes and the total current for
convenience of future study on dependences of these key quantities on the boundary
conditions, etc.

Recall that, under the electroneutrality boundary conditions, Ay = 0 is always a
root of g(z) = 0. Let Ay and A3 be the other two roots of g(z) = 0 in the stripe

So={z=z+1y: ye(—n/V.n/V)}.

As given at the end of Section 2, we have J = If, and from Theorem 2.1, f =
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p=p(n)

1

1

1/

£

I\ \\

\\ mr</\2:/\3<m|+mr
\
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Complex A, Ag ZONE
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1
1
I
I
I
I
I
I
I
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1
1
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1
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Figure 9: Case (¢) (m, > my): relation between p and V and zeros of h(z)

(f1, f2, f3)T with

PERRCERSICERD
Z1 (Zl — 22)(21 — 23) ’

£ _ 1 (=) —N3)
z9 (22 — 21)(22 — 23) ’

£ _ 1 (m—)(z—N3)
z3 (23 — 21)(23 — 22)

From Proposition 3.13 in [32], one has

e if Ao #0 and A3 # 0, then

1
I'= m(sl — Sp) Pz (4.1)

e if 0 is a double eigenvalue and the third eigenvalue is A # 0, then

3
1 [ —
I=— J_J4vs,|P..
H(1)A ; T

The second formula can be simplified as follows. Note that, when 0 is a dou-

ble eigenvalue, in addition to Z;’Zl zjl; = Z;’:l zjr; = 0, one has pm, = my, or

19



equivalently, S; = S, and together, they imply that
3

Li —
P, Z J ” J 22223(l1 — ’I"l) —+ 2123(l2 — 7“2) + leg(lg — Tg)
j=t
:(3122 + 2123 + 2’22’3)(5[ — ST») — 21(2’2(12 — 7’2) + 2’3(13 — 7'3))
- 32(21(11 - 7“1) + Zg(lg — 7’3)) — 2’3(21(11 — 7’1) -+ ZQ(ZQ - 7’2))
=231y — 1) + 25(lg — r2) + 25(I3 — 13) = A; — A,..
Therefore,
1
I=——n— (A — A +VSP,).
H(1)A (A +VSE)
Furthermore, using h(\) = 0 with S; = S;., one has
A PAE
SZP = VA _ 1Ar - VA _ lAl’
which gives, from the previous formula,
\%4
I=——+((1- A)A MA, ), 4.2
) (1= PP+ 2V, ) (42)
where
e —x—1
p() P P
Since
(e —1)% — 22%¢” er

= (" +e ¥ —-2—27

pla) =~

1132(655 _ 1)2 xQ(ez _ 1)2

and €* + e~% — 2 — 22 > 0 with the equality holding true only when z = 0, p(z) is a
strictly decreasing function. By defining

. 1

the function p(x) is continuous on (—oo,00). Since p(x) is strictly decreasing and
p(—o0) =1, p(co) =0, one has 0 < p(x) < 1 for any x.

One simple consequence of (4.2) is that I and V have the same sign and the value

: VA, VA

of I lies between ZI6) and H(ll)’

Since limg_,o p(z) = 1/2, by taking the limit with A — 0 in (4.2) we have the
formula for the case when 0 is a triple eigenvalue of D:

1= 2HV(1)(AZ+AT>.

A different form of representation for I is given as follows.

Proposition 4.1. Suppose the other two eigenvalues Ay and A3 are nonzero and
A2 # As. Then,

v eVr2—1 V31 eVaee8-1  VazeVr2—1
I— 2% Vs Vs V2 \
= -

H(l) €V>\2 _ €V)\3 AT + eV)\z _ eV)\'g,
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Proof. Note that, for j = 2, 3,

o Al/\j + 5P,
Then, one has the identity
Viz_q Vs 1 Vg eVrs—1 VazeVr2—1
(SZ_ST)PZ_QV)\Q _eV)\g A +€ 26‘//\3 —¢€ 3€V/\2 A (43)
Vs  eVre _eVAs T Va2 _ oVas t :
The claimed formula then follows from (4.1). O

Note that if we multiply the common denominator on both sides of (4.3), then
the resulting identity holds true for any two zeros of g(z), not necessarily those inside
the stripe Sp.
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