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ABSTRACT. We study a quasi-one-dimensional steady-state Poisson-Nernst-
Planck model for ionic flows through membrane channels with fixed boundary
ion concentrations and electric potentials. We consider two ion species, one pos-
itively charged and one negatively charged, and assume zero permanent charge.
Bikerman’s local hard-sphere potential is included in the model to account for
ion size effects on the ionic flow. The model problem is treated as a boundary
value problem of a singularly perturbed differential system. Owur analysis is
based on the geometric singular perturbation theory but, most importantly,
on specific structures of this concrete model. The existence of solutions to the
boundary value problem for small ion sizes is established and, treating the ion
sizes as small parameters, we also derive approximations of individual fluxes
and I-V (current-voltage) relations, from which qualitative properties of ionic
flows related to ion sizes are studied. A detailed characterization of compli-
cated interactions among multiple and physically crucial parameters for ionic
flows, such as boundary concentrations and potentials, diffusion coefficients
and ion sizes, is provided.

1. Introduction. We study the dynamics of ionic flows, the electrodiffusion of
charges, through ion channels via a quasi-one-dimensional steady-state Poisson-
Nernst-Planck (PNP) system. As a basic macroscopic model for electrodiffusion of
charges, particularly for ionic flows through ion channels ([8, 10, 15, 16, 17, 18, 19,
26, 27, 31, 38, 39, 62, 64, 72, 73, 74], etc.), under various reasonable conditions, PNP
systems can be derived as reduced models from molecular dynamic models ([80]),
from Boltzmann equations ([2]), and from variational principles ([34, 36, 37]).

The simplest PNP system is the classical Poisson-Nernst-Planck (cPNP) system
that includes only the ideal components of the electrochemical potentials. It has
been simulated ([6, 7, 8, 9, 11, 26, 27, 30, 32, 33, 39, 40, 41, 48, 61, 77, 88]) and
analyzed ([1, 3, 4, 20, 21, 24, 43, 53, 55, 56, 59, 65, 75, 76, 81, 82, 83, 84, 86, 87])
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to a great extent. However, a major weakness of the cPNP is that it treats ions as
point-charges, which is reasonable only for near infinite dilute ionic mixtures. To
study the ion size effect on ionic flows, in particular, for ion species with the same
valence but different ion sizes, for example, Nat (sodium) and KT (potassium),
one has to consider excess (beyond the ideal) components in the electrochemical
potential. One way is to include hard-sphere (HS) potentials. PNP models with ion
size effects have been investigated computationally with great successes ([13, 25, 27,
29, 34, 35, 36, 37, 47, 89], etc.), and have been mathematically analyzed (see, for
example, [22, 42, 49, 50, 51, 58]).

In [51], the authors provided an analytical treatment of a quasi-one-dimensional
version of PNP system with a HS potential. They studied the case where two
oppositely charged ions are involved for the same ion channel with electroneutrality
(zero net charge) boundary conditions, the permanent charge can be ignored, and
a local HS potential derived from Rosenfeld’s nonlocal one is included. The authors
treated ion sizes as small parameters, and derived an approximation of the I-V
relation. Furthermore, the approximate I-V relation allows them to establish the
following results.

(i) There is a critical potential V. so that, if V' > V,, then ion sizes enhance the
current [; if V <V, then ion sizes reduce the current I.

(ii) There is another critical potential V¢ so that, if V' > V¢, then the current
I increases with respect to A = dy/dy where d; and dy are, respectively, the
diameters of the positively and negatively charged ions; if V < V¢, then the
current I decreases in A.

(iii) Important scaling laws of I-V relations and critical potentials in boundary
concentrations are obtained; that is,

(a) the contribution to the I-V relation from the ideal component scales lin-
early in boundary concentrations;

(b) the contribution (up to first order in ionic diameters) to the I-V relation
from the HS component scales quadratically in boundary concentrations;

(¢) both V. and V¢ scale invariantly in boundary concentrations.

In this paper, we study a quasi-one-dimensional version of PNP type system
with a local HS model proposed by Bikerman ([5]). Bikerman’s model is one of the
earliest local models for HS potentials. The problem we study here has basically
the same setting as that in [51] except that we take a different local model. We
study the PNP system with Bikerman’s local HS potential for two purposes:

(I) To compare our results with those obtained in [51];

(IT) To examine ion size effects on individual fluxes that provide detailed informa-
tion on the interactions among different ion species within the channel. This
is the main contribution compared to [51].

The rest of this paper is organized as follows. In Section 2, we describe the
quasi-one-dimensional PNP model of ionic flows, Bikerman’s local HS potential,
the boundary value problem (BVP) of the singularly perturbed PNP-HS system,
and the basic assumptions.

In Section 3, the existence and (local) uniqueness result for the BVP is estab-
lished in the framework of geometric singular perturbation theory. Based on the
analysis in Section 3 and treating the ion sizes as small parameters, approximations
of individual fluxes and the I-V (current-voltage) relations are derived, from which
the ion size effect on ionic flows is analyzed in detail. This leads to our main interest
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studied in Section 4, which contains four subsections. In Subsection 4.1, we exam-
ine the ion size effect on individual fluxes. We identify four critical potentials or
voltages, denoted by Vi, and Vke k=1,2, respectively. The values V. and Vs, are
the potentials that balance the ion size effect on the individual fluxes of charge, and
the values V¢ and V2¢ are the potentials that separate the relative size effect on
the individual fluxes of charge (see Definition 4.4, Theorem 4.7 and Theorem 4.8).
More interestingly, under electroneutrality conditions, we observed that V. = V*¢
for k = 1,2, while it is not true without electroneutrality conditions (see Corollary
4.5). Subsection 4.2 deals with the ion size effect on the total flow rate of charge
(the I-V relations). Two critical potentials or voltages V., and V¢ are also identified.
In particular, the two critical potential values are identical (see Definition 4.11).
The roles of these critical potentials in characterizing ion size effects on ionic flows
are discussed. In subsection 4.3, under electroneutrality conditions, the relationship
among those critical potentials Vi., k& = 1,2 for individual fluxes and V, for the
I-V relations is studied in terms of multiple physical parameters such as boundary
concentrations, boundary potentials and diffusion coefficients (see Lemma 4.19).
The distinct effects of the nonlinear interplay between these physical parameters
are characterized. In Subsection 4.4, a special case of ion size effects on ionic flows
is considered.

We remark that, under electroneutrality boundary conditions, each of these criti-
cal potentials separates the potential into two regions over which the ion size effects
are qualitatively opposite to each other (see Theorems 4.7, 4.8, and 4.15). Also,
in the absence of electroneutrality, it is rather surprising that the roles of critical
potentials on ion size effects are significant different: the opposite effects of ion
sizes separated by those critical potentials depend on other quantities in terms of
boundary conditions (see Proposition 4.18).

Finally, we would like to point out that, under electroneutrality conditions, as
what we expect, the results related to ion size effects on the I-V relations are
similar to those obtained in [51]. However, our analysis of the ion size effects on the
individual fluxes provides detailed information on the interactions among different
ion species. We believe our results will provide useful insights for numerical and
even experimental studies of ionic flows through membrane channels.

2. Problem Setup.

2.1. A quasi-one-dimensional steady-state PNP type system. The channel
is assumed to be narrow so that it can be effectively viewed as a one-dimensional
channel [0,!] where [, typically in the range of 10 — 20 nanometers, is the length of
the channel together with the baths that the channel links. A quasi-one-dimensional

steady-state PNP model for ion flows of n ion species though a single channel is (see
[57, 61])

1 d dd -
X)X (ar(X)EoA(X>dX) = —e<]§=1: z;C;(X) + Q(X)) o)
d7; 1 e
dX _07 _\71_ kBTDZ(X)A(X)CZ(X)dX’ 7’_1727 9

where X € [0,1], e is the elementary charge, kg is the Boltzmann constant, T" is the
absolute temperature; ® is the electric potential, Q(X) is the permanent charge of
the channel, €, (X) is the relative dielectric coefficient, g is the vacuum permittivity;
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A(X) is the area of the cross-section of the channel over the point X € [0,]; for the
ith ion species, C; is the concentration (number of ith ions per volume), z; is the
valence (number of charges per particle) that is positive for cations and negative
for anions, p; is the electrochemical potential, J; is the flux density, and D;(X) is
the diffusion coefficient. The boundary conditions are, for i = 1,2, -+ | n,

2.2. Excess potential and a local hard-sphere model. The electrochemical
potential y;(X) for the ith ion species consists of the ideal component pi?(X), the
excess component p¢*(X) and the concentration-independent component pu?(X)
(e.g. a hard-well potential):

pi(X) = pd(X) + pi(X) + ps* (X)

where
Ci(X)
Co

with some characteristic number density Cy. As mentioned in the introduction,
cPNP system takes into consideration of the ideal component /ﬁd(X ) only. This
component reflects the collision between ion particles and water (medium) molecules.
It has been accepted that cPNP system is a reasonable model in, for example, dilute
cases under which ion particles can be treated as point-charges and ion-to-ion inter-
actions can be more or less ignored. The excess electrochemical potential p$*(X)
accounts for finite size effects of charges (see, e.g., [69, 70]).

In this paper, we study the PNP system including a local hard-sphere (LHS)
chemical potential, proposed by Bikerman ([5]) to account for the finite size effect.
Bikerman’s model is, for ¢ = 1,2,...,n,

pi(X) = z;e®(X) + kpTIn (2.3)

M?ik(X) =—kgTIn (1 — iijj(X)), (2.4)

j=1
where v; is the volume of a single jth ion species.

Remark 2.1. Since ¢; is the number density of ith ion species, it follows that
2?21 vjc; < 1. In this sense, Bikerman’s LHS takes into consideration of nonzero
ion sizes. It should be pointed out though Bikerman’s LHS is not ion specific since
it is the same for all ion species.

2.3. The BVP and assumptions. The main focus of this paper is to examine
the qualitative properties of ion size effects on ionic flows via BVP (2.1)-(2.2) with
LHS model (2.4). We will take essentially the same setting as that in [51] except
that we use Bikerman’s LHS (2.4). More precisely,

(i) We consider two ion species (n = 2) with z; > 0 and z3 < 0;
(ii) The permanent charge is set to be zero: Q(X) = 0;
(iii) For the electrochemical potential j;, in addition to the ideal component ¢,
we also include the LHS potential uP% in (2.4);
(iv) The relative dielectric coefficient and the diffusion coefficients are assumed to

be constants, that is, £,(X) = ¢, and D;(X) = D;.

We first make a dimensionless rescaling following ([24]).
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Set Co = max{L;,R;:i=1,2} and let

2 5r€0kBT X A(X)
— — = — = == D
aec, 0 YT M= ICo
o) =20, ale) = g
(& ,Cl Ri
v kBTV’ Co R Co
System (2.1) becomes, with the substitution (2.3) for ui?,
e d d dJ;
J— h = — —
h(z) dz < (z) dx¢> (211 4 22c2), dx 0
dey d¢ | h(x)er(@) d pig, |
h(l’) d + h( )ZlCl d.’I; kBT d.’I; 1 ("L’) - Jl?
dc d h(z)ca(z) d g,
h( )72+h( )Zngfd)—‘ri( ) 2( )7 BZk(m):—JQ.

dx
It follows from (2.4) that

dx kgT dx"?

1
. T,ufm( x)=—1In (1 — v (x) — V202($U)> where v; = v;Cy.
Substituting (2.7) into system (2.6), we obtain the BVP

2 d d dJ;
° —_— <h(£€) ¢> = 7(2’101 —+ ZQCQ), = 0,

h(x) dz dx da

de d 1

d—; = —f1(01,02;yl,l/2)£ — mgl(cl,JbJQ;VlaVQ)a
dc d

diaj = f2(01702;V1,V2)£ - %92(0% Ji, Jai v, 1),

with boundary conditions, for i =1, 2,
#(0) =V, ci(0)=Li; ¢(1) =0, ci(1) =Ry,
where
filer, casv1, 1) =(21 — zav101 — 221202)c1,
Jaler, cosvi,v2) = — (22 — z1v101 — 2210C2)Co,
) =J1 — (11 + vada)en,
)

=Jy — (V1J1 +1/2J2)C2

gi(c1, Ji, Josvi,va
g2(c2, J1, Josvi, 12

For a solution of BVP (2.8)-(2.9), the total flux of charge or current T is

L =2n01+ 202 =21D1J1 + 22D2J>.

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

For fixed L;’s and R;’s, formula (2.11) provides a relation of the current Z on the

voltage V. This relation is the so-called I-V relation (current-voltage relation).
The BVP (2.8)-(2.9) will be analyzed in Section 3 based on the assumption

that the dimensionless parameter ¢ is small so that system (2.8) can be treated

as a singularly perturbed system with ¢ as the singular parameter.

For typical

ion channel problems, physical range for the parameter ¢ is 1072 — 1076, which
is smaller for crowded ionic mixtures (large Cp) and larger for less crowded ionic
mixtures. It is further assumed that the dimensionless parameters v;’s are small;
typical physical range for v; = v;Cy is 1072 — 10~* with 102 corresponding to
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crowded ionic mixtures, say, Co ~ 10 M (molar) and with 10™* to less crowded
ionic mixtures, say, Cyo ~ 100 mM. From the analysis of the BVP, we will obtain
approximations for both J;’s and I-V relations to study ion size effects on ionic
flows.

3. Geometry singular perturbation theory for (2.8)—(2.9). We will rewrite
system (2.8) into a standard form for singularly perturbed systems and convert BVP
(2.8)-(2.9) to a connecting problem. Generally, there is no unique way to write a
second order singular perturbed equation (the Poisson equation for ¢ in (2.8)) to a
system of first order equations. Different choices result in different ¢ = 0 limiting
systems. It is the e = 0 limiting systems that govern the viable choices. Ideally, one
would like to obtain a normally hyperbolic (NH) slow manifold, if possible. The
choice used in this paper below (introduced first in [53] to the best of our knowledge)
results in a NH slow manifold while the “natural” choice qﬁ = 24 would not.

Denote the derivative with respect to by overdot and introduce u = aq’.) and
T = x. System (2.8) becomes

. h,
EQ =uU, EU= —21C] — 22C3 — € h((:))u,
€
o= — ; - — J1, Jo;
egcy fl(Cl,CQ,V],l/g)'U/ h(T)gl(cl7 1, 27”151/2)7 (31)
géy =fa(c1, cos v, v2)u — %92(02, Ji, Joyvi,v2)

Ji=Jy =0, 7=1.

System (3.1) is the slow system and its phase space is R with state variables
(¢, u,c1,c2,J1,J2,7).

For € > 0, the rescaling x = &£ of the independent variable x gives rise to the
fast system

h(7)
;. r_ . ey
¢ =u, u 21C1 — Z9Co 5h(T) u,
€
¢y =— filer, cosvn,v0)u — mgl(clajlyjﬁyhlﬁ)v (3.2)
€
cy =fa(c1, cosv1, o) — ——ga(ca, Ju, Jos 11, 12),

h(r)

Jy=Jy=0, 7 =e¢,

where prime denotes the derivative with respect to the variable &.

For € > 0, slow system (3.1) and fast system (3.2) have exactly the same phase
portrait. But their limiting systems at ¢ = 0 are different. System of (3.1) with
e = 0 is called the limiting slow system, whose orbits are called slow orbits or
regular layers. System of (3.2) with e = 0 is the limiting fast system, whose orbits
are called fast orbits or singular (boundary and/or internal) layers. In this context,
a singular orbit of system (3.1) or (3.2) is defined to be a continuous and piecewise
smooth curve in R7 that is a union of finitely many slow and fast orbits. Very
often, limiting slow and fast systems provide complementary information on state
variables. Therefore, the main task of singularly perturbed problems is to patch
the limiting information together to form a solution for the entire € > 0 system.
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Let By, and Bp be the subsets of the phase space R defined by
Br, ={(V,u, L1, Ly, J1, Jo,0) € R : arbitrary u, J;, Jo},

3.3
Br ={(0,u, Ry, Ra, J1, J2,1) € R : arbitrary w, Ji, Ja}. (3:3)

Then the original BVP is equivalent to the connecting problem, namely, finding an
orbit of (3.1) or (3.2) from By, to Br (see, for example, [44]).

In what follows, we will consider the equivalent connecting problem for system
(3.1) or (3.2). The construction of a connecting orbit involves two main steps
([12, 44, 45, 46, 52, 54, 78, 79, 85]):

Step I: We construct a singular orbit to the connecting problem.

Step II: We apply geometric singular perturbation theory, particularly, the Exchange
Lemmas, to show that there is a unique connecting orbit near the singular orbit for
small € > 0.

3.1. Geometric construction of singular orbits. Following the idea in [20, 53,
55], we will first construct a singular orbit on [0, 1] that connects By, to Br. Such
an orbit will generally consist of two boundary layers and a regular layer.

3.1.1. Limiting fast dynamics and boundary layers. By setting e = 0 in (3.1), we
obtain the slow manifold

Z={u=0, z1¢1 + 2z2¢2 = 0}.
By setting € = 0 in (3.2), we get the limiting fast system
¢ =u, u'=—zc1 =20, ¢ =—fi(er,cv1,00)u,
cy =fa(cr, e, 0)u, Ji=Jy=0, 7 =0.
Note that the slow manifold Z is the set of equilibria of (3.4).
Lemma 3.1. For system (3.4), the slow manifold Z is normally hyperbolic.

Proof. Even though the LHS models used in [51] and in this paper are different,
the proof of this result is the same, word by word, as that in [51]. For convenience
of the reader, we provide the key ingredients here.

The linearization of (3.4) at each point of (¢,0, ¢y, 2, J1, J2,7) € Z has five zero
eigenvalues associated with the set of equilibria Z with dim(Z) = 5, and the other

two eigenvalues are
/ _ 2 2
Vi fi — 2 fo = £y /277G + 2.

Note that fi(c1,co;v1,12) has a factor ¢; and fa(cq, co;v1,v2) has a factor co. It
follows from (c1, c2)-subsystem of (3.4) that {¢; > 0} and {co > 0} are invariant.
Since ¢; and ¢y have positive boundary values, ¢; and ¢y are positive for all 2 € [0, 1].
Therefore, z1 f1 — 2o fo > 0. Thus Z is normally hyperbolic. O

We denote the stable (resp. unstable) manifold of Z by W#(Z) (resp. W*(Z2)).
Let M7, be the collection of orbits from By, in forward time under the flow of system
(3.4) and let Mg be the collection of orbits from Bg in backward time under the
flow of system (3.4). Then, for a singular orbit connecting By, to Bg, the boundary
layer at = 0 must lie in N, = My, N W?3(Z) and the boundary layer at z = 1
must lie in Np = MrNW*(Z). In this subsection, we will determine the boundary
layers Ni, and Ng, and their landing points w(Np) and a(Ng) on the slow manifold
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Z. The regular layer, determined by the limiting slow system in §3.1.2, will lie in
Z and connect w(Ng) at © =0 and a(Ng) at z = 1.

Recall the definitions of 14 and v from (2.7) and the discussion in the last
paragraph of Section 2. We will be interested in the situation that vy and v, are
small and treat (3.4) as a regular perturbation of that with v; = vy = 0. While 14
and v, are small, their ratio is of order O(1). We thus set

v =v and vy = v (3.5)
and look for solutions
L(&v) = (& v) ulév), (& v), c2(&v), Ji(v), J2(v), T)
of system (3.4) of the form
P& v) = ¢o(§) + ¢1(Ev +o(v), w(&v) =uo(§) +ui(§)v +o(v),

ci(&d) = cio(§) + ca(§v+o(v), Ji(v) = Jio + Juv + ov). (3.6)
Substituting (3.6) into system (3.4), we obtain, for the zeroth order in v,
$o =to, UG = —Z1C10 — Z2C20, Cip = —Z1C10%0, 57
Cho = — 2aC20Ug, Jig = Jag =0, T =0, '
and, for the first order in v,

P =ur, Uy =—z1011 — 22001,
¢y = — z1upc11 — ziciour + (21610 + Azaca0)c1oUo, (3.8)
Chy = — 2oUgCa1 — 22C20U1 + (21€10 + A22C20)Ca0Uo, '

Tl =J4 =0, 7 =0.
Recall that we are interested in I'°(&;v) € N = M, N W*(2Z) with T'°(0;v) € Br,
and I''(&;v) € Ngp = MpNWY(Z) with T (0;v) € Bg.

Proposition 3.2. Assume v > 0 is small.
(i) The stable manifold W*(Z2) intersects By, transversally at points
(V, ué + ullu +o(v), Ly, Lo, J1(v), J2(v), 0) ,
and the w-limit set of Ni, = My, (\W*(Z2) is
w(Np) = {(¢5 + ¢1v + 0(v), 0,¢fo + v + o), 5 + ez + o(v), 11 (1), Ja(v), 0) }
where J;(v) = Jio + Jav + o(v), i = 1,2, can be arbitrary and
1 —2z0lo =z

¢£ =V — In , zlclLO = —ZQCQLO = (z1Lq1)71 =2 (—22L2)21z*122 ,
21— 22 z1Lq

Ué zsgn(z1L1 + ZQLQ)\/Q (Ll + Lo + 2L %2 (zlLl) z;j%Q (_22L2) zlz}zz > ;
Z1%22
o1 =0, zicfy = —zec; = zicfy(L1 + ALa — ¢y — Acy),

1 A
i ( (Lo + cho) (Lo — cho) + (L0 + cho)(Ln — c) — cocky — by — e

e
ZzUA),g(zm)(Mé)) .
21 + 22

N =
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(ii) The unstable manifold W*(Z) intersects Bg transversally at points
(0,uy + uiv + o(v), Ry, Re, J1(v), J2(v),1),
and the a-limit set of Ng is
a(Ng) = {(¢§ + ¢1'v + 0(v),0,cfh + cfiv + o(v), ey + cBiv + o(v), J1(v), J2(v), 1)},
where J;(v) = Jio + Jav + o(v), i = 1,2, can be arbitrary and
1 —29Ro =)

B—_ In zcl = — 25l = (2 Ry) 7122 (—29R S
) oty T 2030 = (21 R1) 5752 (—22Rp) 51772,

Z1 — Z _—Z2 Z1
US = — sgn(lel + ZQRQ)\/2 (Rl + Ry + ! 2 (ZlRl) z1—22 (—ZQRQ) z1—22 >;

z122
(bf‘ =0, zlcf‘l = zgcfi = 21010(R1 + ARy — C10 )\020)
1 (A
ot = (R + )R = ) + 5+ (R off) = el cfy — e
0
_22(1 — )\) e—(21+zz)¢§> .
21+ 29

Proof. The stated result for system (3.7) has been obtained in [20, 53, 55]. For
system (3.8), one can check directly that it has three nontrivial first integrals:

¢ c
Fy ==L 42001 + c10+ Aeao,  Fa = == + 2061 + 10 + Aeao,
€10 20
A 1 22(1 — )\)
F3 =uguy — 11 — Ca1 — =Cag — =Chp — C10C 227 A p(zitz)(V—do)
3 oU1 11 21~ 5620 = 510 10C20 + po—

We now establish the results for ¢,k ck and u! for system (3.8). Those for
o, el ell and ul can be established in the similar way.
Note that ¢1(0) = ¢11(0) = c21(0) = 0. Using the integrals F; and F5, we have

7 + 2101 + c10 + Acgo = L1 + ALo, and — + Za¢1 + c10 + Aeag = Ly + ALo.
10

Therefore
c11 =c10(L1 + ALa — c10 — Acag — 2101), €21 = ca0(L1 + ALg — c10 — Acag — 22¢1).
Taking the limit as & — oo, we have

¢f =0, ClLl = ClLo(Ll + ALy — ClO )‘620) 051 = Czo(Ll + ALy — )‘020)

In view of the relations zjck) + zocky = z1¢ly + 20¢fy = 0, one can get the formulas
for ¢y, ey and ¢f. We now derive the formula for u} = u;(0).
In view of F5(0) = F5(c0), we have

A 1 A 2 1 2
U0“1 LiLy - L2 - *L% = ClL1 - 02L1 - C1L(]02Lo -5 (C1Lo) -5 (ClLo)
2 2 2 2
_ 20N G v-s)
21+ 29
The formula for u! follows directly. This completes the proof. O

We remark that, when 21 L1 4+ z5Ls = 0, uf) = 0. In this case, ull is defined as the
limit of its expression as z1L; + 2oLy — 0 and it is zero. Similar remark applies to
uj when z1 Ry + 29 Ro = 0.

For later use, let 'Y denote the possible boundary layer at = 0 and let I'!
denote the possible boundary layer at z = 1 for system (3.4).
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Corollary 3.3. Under electroneutrality boundary conditions, that is,

z1L1 = =zl =L and zRi=-2R; =R, (3.9)
one has
oy =V, zicfy = =225 = L; ¢g =0, zi¢fy = =205 = R;
Lok —ch = R = cf =} =0.

In particular, up to O(v), there is no boundary layer at t =0 and xz = 1.

3.1.2. Limiting slow dynamics and regular layer. Next we construct the regular
layer on Z that connects w(Np) and a(Ng). Note that, for ¢ = 0, system (3.1)
loses most information. To remedy this degeneracy, we follow the idea in [20, 53, 55]
and make a rescaling u = ep and —z2co = 2101 +€¢ in system (3.1). In term of the
new variables, system (3.1) becomes

h(7)

2191 + 2292

p=p, ep=q—c¢ p, €= (21fi —z2f2)p+ )
h(7) w7) (3.10)
. g1 - - .
é1 fip Moy T =0 T
where, for ¢ = 1,2,
z1€1 + €
fi=1Ti (01, —%q;w )\V) ;g1 = g1 (c1, Ju, Jos v, Av) 5
and
g2 = g2 (—zlclz—i_Eq,JhJ%M AV) .
It is again a singular perturbation problem and its limiting slow system is
. 2191 (c1, J1, Jos v, Av) + 2292 ( — %Cl,JLJ%Va)\V)
d) =D, q= 07 p=— )
z1(z1 — 22)h(7)q
1
él = fl (017_201;1/7 )‘V)p_ mgl (Cl7J17J2;Va )‘V)a (311)
Ji=Jy =0, 7=1.
For system (3.11), the slow manifold is
z191(c1, J1, 2 v, W) + 2292 ( — Zen, Ji, Jos v, W)
S§=<q=0,p=— 2 .
z1(z1 — z2)h(T)cq
Therefore, the limiting slow system on § is
) . Z1 1
¢=p, & =—filcr,——ci;v, \W)p— ——=gi(c1, Jr, Jasv, \v),
( 22 ) h(T) ( ) (3.12)
Ji=Jo=0, 7=1,
where
. Aan (c1,J1, Jos v, Av) + 2292 ( — ey, Ji, Jas v, )
21(z1 — z2)h(T)e1 '
Similar to the layer problem, we look for solutions of (3.12) of the form
o(x) = ¢o(x) + d1(x)v + 0(v), c1(x) = cro() + cur(@)v + o(v), (3.13)

Ji = Jio + Juv + o(v).
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to connect w(Np) and a(Ng) given in Proposition 3.2; in particular, for j = 0,1,

(65(0),¢1;(0)) = (¢7 ), (95(1),c15(1) = (47, 1) -
From system (3.12) and the definitions of f;’s and g;’s in (2.10), we have

do = — z1J10 + 22J20 = 2 (J1o + Jzo),
z1(21 — 22)h(T)e10 (21 = z2)h(7) (3.14)
Jio=Joo =0, =1,
and
. :(Z1J10 + z2.J20)c11 B 21J11 + 22J21
z1(z1 — 22)h(T)3y  z1(21 — 22)h(T)c10’
(51X = 22)(J1o + Jao)cro | 22(J11 + J2) (3.15)
a (21 — 22)h(7) (21 — z2)N(T)’
Ji=Jo1 =0, =1
We denote

H(z) = /Om h=1(s)ds. (3.16)

Lemma 3.4. There is a unique solution (¢o(x), c10(x), J1o, Joo, 7(x)) of (3.14) such
that

(60(0), ¢10(0), 7(0)) = (¢, 19, 0) and (do(1), c10(1),7(1)) = (¢, ¢1p, 1),
where ¢f, o8, by, and cfly are given in Proposition 3.2. It is given by

ola) ok + 2L =20 mﬁ—m”+mw%)

© " lnefy —Inck H(1) " H(1) cfy
H(x H(z
Cl()(x) = (]. — ( )> ClLO + ( )CR

H(l) H(l) 10
i — it (3.17)
Jin = 10 10 L R 1 L 1 R
T H() (Inck, —IneR) (21 () — &) +Incfy —Incth),
Joo = céo - CQRO (22 (¢L - ¢R) +1n cL “In CR)
H(1)(Incgy — Incgh) 070 20 20) >
7(x) =2.
Proof. We refer the readers to [20, 53, 55] for a detailed proof. O

We now examine system (3.15). For convenience, we define two functions

M = M(Ly, Lo, Ry, Ra; \), N = N(Ly, La, Ry, Ra; )

as
R L mA =z, g R/ .L R
M =ciy — ey + 22 (e10 + c10)(c1o — €10),
L 4R R L (3.18)
_ 5 — o m_m+zl/\—z2(L_R) ¢0 ¢0M
Inck —Ineft \ B L& z 10~ “1o ek — R
10 10 \C10 10 2 10 — €10

Lemma 3.5. There is a unique solution (¢1(x), c11(x), Ji1, Jo1, 7()) of (3.15) such
that

(¢1(0), ¢11(0),7(0)) = (61, ¢11,0) and (¢1(1), c11(1),7(1)) = (6F, ¢}, 1),



12 Y. JIA, W. LIU AND M. ZHANG

where ¢F, ¢t ¢k, and cY are given in Proposition 3.2. It is given by

_Incly —Ineyo(w) ot — oF cky—cio(x) [ 21X — 2 oL
¢1(x)*7 Inck —Inck NJFI L _ ek I €10
ncfy, —Incf nefy — Inc c1o(x) Ty 229
_l_(zl)\ — z9)(cly — cf}) H(w) ( H(z) Incly —In clo(x)> M}
223 H(1)  \H(1)cro(x) ety — cfh 7
21\ — 29 H(x)
en (@) =cfy — P (cfo + c10(2)) (e1p — cr0(2) + TOR
g aldy—ely) o Mo z1(cfo — cfp) aM
11 — T R 21 — — i R )
H(1)(Inefy — Inc) H(1)’ H(1)(Inefy — Incfy) zoH(1)

where M and N are defined in (3.18).

Proof. Tt follows from (3.15) that

(zl/\—22)(J10+J20) /z Clo(S)d +22(J11+J21) /:C 1 ds
0 0

21 — 29 h(s) 21 — 29 h(s)

e () =epy +

21\ — 29 2 zo(J11 + Jo1)
=cfy + T2 (Cfo(ﬁ) S GT)) ) + ﬁH(z).

Thus, from Proposition 3.2,

Ji1 + J. A=
zo(J11 21)H(1) :cﬁ B C1L1 n 21 29

21— 29 229

(ClLo + CFO) (ClLO - C?o) )

which gives, by definition of M in (3.18),

21 — 22

= .1
Ji1 + J21 »H0) (3.19)
Hence,
1A — 2 H(x
cll(x) = Cfl — 1722 (ClLO + Clo(.’E)) (ClLO — Clo(x)) + HEl; M. (320)

Also, from (3.15), we have

z1J10 + 22J20 /gE cu(s) oo z1du+zdn /w LR
z1(z1 = 22) Jo h(s)cio(s) 21(z1 — 22) Jo h(s)cro(s)

Note that, from (3.14) and (3.17),

® 1 Z1 — %2 ® (310(8) - H(l)(c{b — 010(.13))
I ) el

ds = ;
CIO( ) z2(J10 + J20) Ao(s) (cfy — At elyero(2)

d _
/ fO T ds = T2 //h da—c o (s)ds
010 2’2 J10+J20

H H(x )
~ch (1256 (010(( ) _/0 W e)e (s )ds)
H(1)H(x) B H(1)?(Inck) —In clo(x)).

B (ClLO - c{%)clo(x) (ClLo - 0{30)2

o1(7) =g +
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These, together with (3.20) and (3.17), yield
- A\ — L — H(1 A\ —
/O h(Cn(S)s)ds _ <01L1 A 22 (Cfo)2> (010 Clo(x» ( ) + 21 ZQH(I)

8)cto( 22y (cfo — cfp)etvcro(@) 222
M < H(z) Incky—In clo(x))
C1Lo - Cﬁ’) cio(z) C1L0 - C{?'o .

A direct calculation then gives

b1(z) = — lnclLOflnclo(x)N ok — o cky — cio(x) i B Zl)\*ZQcL
Inck) —Incl} Incly —Inch c1o(z) ck 22y 10
N (21X — 22)(cky — &) H(x) ( H(z) Inck, — lnclo(x)> M] .
229 H(1) H(1)ey0(x) cky — &
Hence,
(z1J11 + 22J21)(111LC%0 —RIDC{%O)H(U _N=o0,
z1(21 — 22)(c1p — €1p)
which gives
21 (21 — 22)(cfp — cfp)
z1J11 + 22do1 =
H(1)(Inefy — Incfp)
Formulas for Ji1, Jo1, and ¢; follow directly. O

The slow orbit
A(z;v) = (¢o(z) + vé1(2), cr0(2) + ven(z), Ji(v), J2(v), 7(2)) +o(v)  (3.21)

given in Lemmas 3.4 and 3.5 connects w(Np) and a(Ng). Let My, (resp., Mg) be
the forward (resp., backward) image of w(Ny,) (resp., a(Ng)) under the slow flow
(3.12). One has the following result.

Proposition 3.6. There exists vy > 0 small depending on boundary conditions so
that, if 0 < v < 1y, then, on the five-dimensional slow manifold S, My and Mg
intersects transversally along the unique orbit A(x;v) given in (3.21).

Proof. We will establish the transversality of the intersection by showing that
w(N7)-1 (the image of w(Np) under the time-one map of the flow of system (3.12))
is transversal to a(Ng) on S({7 = 1}. It consists of the following two steps.

Step 1: We will show that, for v =0, w(Nr)-1 and a(Ng) intersect transversally

on S({r=1}.

Using (¢, c1, J1, J2) as a coordinate system on S(){r = 1}, it then follows from
(3.17) that, for v = 0, w(Np) - 1 is given by
w(NL) -1 = {(¢(J17 Jg),C1(J1, Jg), Jl, JQ) : arbitrary Jl, JQ}
with

o(J1, J2) =¢f — c1(J1, J2) 2o H(1)(J1 + Jo)

z1Jd1 + 290 L
In ,oe(Jh, o) =k 2 T2
lez(Jl + Jz) Cfo 1( ! 2) 10 Z1 — %9

Therefore, the tangent space to w(Ny) - 1 restricted on S({7 = 1} is spanned by
the vectors

((lev (CI)JU 1,0) = <¢J1, sz(l)

b) b
— 22 21 — 22

170> and (¢J27 (CI)J2707 ]-) = (¢J2u ZzH(i) 07 1) .
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In view of the display in Proposition 3.2, the set a(Ng) is parameterized by J; and
Ja, and hence, the tangent space to a(Ng) restricted on S(){7 = 1} is spanned
by (0,0,1,0) and (0,0,0,1). Note that S({r = 1} is four dimensional. Thus, it
suffices to show that the above four vectors are linearly independent or, equivalently,
by, # ¢, at (J1,J2) = (J1g, J20). The latter can be verified by a direct computation
as follows:
— J1+ J:

S Rk N POV € ts)

z129(J1 + J2) (21 — z2)cry
even as J; + Jo — 0. This establishes the transversal intersection of w(Ny) -1 and

a(Ng) on S(\{r =1}.

Step 2: We show that there exists vy > 0 small, so that, if 0 < v < vy, then
w(Np) -1 and a(Ng) intersect transversally on S({r = 1}.

(b-]l - ¢JQ = H(l) # 0,

This can be argued directly from the smooth dependence of solutions on param-
eter v. And we complete the proof. O

3.2. Existence of solutions near the singular orbit. We have constructed a
unique singular orbit on [0,1] that connects By, to Bg. It consists of two boundary
layer orbits T'° from the point
(V, ué + ullu + O(I/)7 Ly, Lo, Jio + J11v + O(V), Jog + Jo1v + O(V), 0) € By,
to the point
(¢",0,¢f, ¢k, J1,J5,0) €w(NL) C 2
and I'! from the point
(¢R7 07 C?? C?a J17 JQ; 1) € a<NR) cZz
to the point
(0,uy + uy + o(v), R1, Ra, Jip + J11v + o(v), Joo + J21v + o(v), 1) € Bg,
and a regular layer A on Z that connects the two landing points
(¢%,0,cl ek, Ji, J2,0) € w(N) and (¢%,0,cft, cf, J1, o, 1) € a(Ng)

of the two boundary layers.

We now establish the existence of a solution of (2.8)-(2.9) near the singular orbit
constructed above which is a union of two boundary layers and one regular layer
IYUAUT!. The proof follows the same line as that in [20, 51, 53, 55], and the main
tool used is the Exchange Lemma (see, for example, [12, 44, 45, 46, 52, 54, 78, 79, 85])
of the geometric singular perturbation theory.

Theorem 3.7. Let T°UAUT! be the singular orbit of the connecting problem system
(5.1) associated to By, and Br in system (3.3). Then, for e > 0 small and v > 0
small, the boundary value problem (2.8) and (2.9) has a unique smooth solution
near the singular orbit.

Proof. Let 1y > 0 be as in Proposition 3.6. For 0 < v < 1, denote u! = ué + by,
J1(v) = Jio + Juv and Jo(v) = Jog + Jo1v. Fix 6 > 0 small to be determined. Let
Br(8) = {(Vou, Ly, Ly, J1, J2,0) € R” : |u — u!| < §,|J; = Ji(v)| < 6}

For € > 0, let Mp(e,d) be the forward trace of By (d) under the flow of system
(3.1) or equivalently of system (3.2) and let Mpr(e) be the backward trace of Bp.
To prove the existence and uniqueness statement, it suffices to show that M (e, d)
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intersects Mg(e) transversally in a neighborhood of the singular orbit T° U A UT™.
The latter will be established by an application of Exchange Lemmas.

Note that dim By, (§)=3. It is clear that the vector field of the fast system (3.2)
is not tangent to Br(d) for ¢ > 0, and hence, dim My (g,d)=4. We next apply
Exchange Lemma to track M (e,6) in the vicinity of T° U A UT!. First of all,
the transversality of the intersection By (8)(\W#(Z) along I'° in Proposition 3.2
implies the transversality of intersection Mp,(0,0) (" W?*(Z). Secondly, we have also
established that dimw(Ny) = dim Ny — 1 = 2 in Proposition 3.2 and that the
limiting slow flow is not tangent to w(Ny) in Section 3.1.2. With these conditions,
Exchange Lemma ([12, 44, 45, 46, 78, 85]) states that there exist p > 0 and &1 >0
so that, if 0 < ¢ < &1, then My (e, ) will first follow I'’ toward w(Ny) C Z, then
follow the trace of w(Ny,) in the vicinity of A toward {7 = 1}, leave the vicinity of Z,
and, upon exit, a portion of M (e,d) is C! O(e)-close to W*(w(Ny) x (1—p,1+p))
in the vicinity of I'!. Note that dim W*(w(Ng) x (1—p,1+p)) = dim M, (s, §) = 4.

It remains to show that W*(w(Np) x (1—p,1+p)) intersects Mg(e) transversally
since M (e, 6) is C* O(g)-close to W*(w(Nr) x (1—p,1+p)). Recall that, for e = 0,
Mp intersects W*(Z) transversally along Ng (Proposition 3.2); in particular, at
71 := (') € a(Ng) C Z, we have

Ty, Mg = Ty,a(Ng) + T5, W*(m1) + span{V}

where, T, W*(~1) is the tangent space of the one-dimensional unstable fiber W*(~;)
at 1 and the vector V; & T.,, W*(Z) (the latter follows from the transversality of
the intersection of Mg and W*(Z)). Also,

T, W*(w(N) x (1 =p,1+p)) =Ty, (w(Ng) - 1) +span{V;} + T,, W*(71)

where the vector V, is the tangent vector to the 7-axis as the result of the interval
factor (1 — p,1 + p). Recall from Proposition 3.6 that w(Ny) -1 and «a(Ng) are
transversal on Z N {7 = 1}. Therefore, at 7y, the tangent spaces T,, Mr and
T, W*(w(Nr) x (1 — p,14 p)) contain seven linearly independent vectors: Vg, V;,
T,,W*(y1) and the other four from T, (w(Ng) - 1) and T,,«a(Ng); that is, Mg
and W*(w(Np) x (1 — p,1 4+ p)) intersect transversally. We thus conclude that,
there exists 0 < g9 < €7 so that, if 0 < ¢ < g, then M (e,d) intersects Mg(e)
transversally.

For uniqueness, note that the transversality of the intersection M, (g,0) [ Mg(e)
implies dim(M(e,0) (( Mg(e)) = dim My (g,d) + dim Mr(e) — 7 = 1. Thus, there
exists dg > 0 such that, if 0 < § < dy, the intersection My (e, d) () Mg(e) consists of
precisely one solution near the singular orbit T U A UT!. O

4. Ton size effects on individual fluxes and on the current. The analysis in
the previous sections not only establishes the existence of solutions for BVP (2.8)-
(2.9) but also provides sufficiently quantitative information on the solution that
allows us to extract useful approximations to the individual fluxes J;’s and the total
flux of charge (current) I for small v.

In this section, we will study ion size effects on the individual fluxes J;’s as
well as the I-V relations. Contributions to I; from J;; are carefully examined,
which provide detailed information on how different ion species interact within ion
channels.

We express the flux J; as

Ji(ViXe,v) =Tio(Vie) + Tu(ViAe)v +o(v), (4.1)
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and the I-V relations defined in (2.11) as
Z(Vihev) =To(Vie) + Ti(Vi A e)v + o(v). (4.2)

The term Zy(V;€) (resp. Ji0) is the I-V relations (resp. the individual flux) without
counting the ion size effect, and Z;(V; A, ¢) (resp. Ji1) is the main term providing
effects on the I-V relation (resp. the individual flux) from ion sizes.

We comment that, in (4.1) and (4.2), J;, Jio, Ji1, Z, Zo and Z; all depend on
Ly, Ly, Ry and Rs too.

4.1. Ton size effects on individual fluxes [J;’s. We introduce two functions
F1 = Fi(L1, La; Ry, Ro; A) and Fo = Fo (L1, La; Ry, Ro; M) a

1 21 (ClLO 610)(R1 L+ /\(RQ - LQ))
Fi= H(1)F
! H(l)(lncfo—lncﬁ))< (D72 + Incly —Inch ’
L R
oL+ ALy) —cjp(Ba+ARe)  zmA—20, 1 gl R
Fa= H(D) 22 H(1) (et — e10)(e1p + €10),
where H(1) = fol h~1(s)ds in (3.16). We have

Corollary 4.1. In (4.1),
Di(cfy —cfy) | z1Di(cfp — cfp)(In(L1Ry) — In(Lo Ry ))

Tl == (21 — 22 H(1)(Incky — Incfp)
aDi(cfy —cih) e v
H()(Incky —Inckl) kpT '
Too(V:0) = z21Ds(cfy —cfh)  z1Da(efy — i) (In(L1Ry) — In(LaRy))
20H(1) (z1 — 22)H(1)(Incky — Inck)
zaDo(cfy —cfh) e

_ v,
H()(Incky —Incll) kpT

In(L1Ry) —In(LaR
J11(V;0) =D, <~7:1 v+ n(Lyfiz) = In(Ls 1)f1 +]:2>7
kgT 21 — 22
In(L1Ry) —In(LaR
J21(V;0)=D2(—f1 e n(L1Ry) — In(Ly 1)]_-1_31]_-2>’
kgT 21 — 22 22

where ¢k and c& are given in Proposition 3.2.
Under electroneutrality boundary conditions (3.9), one has,

Di(L - R) (zlk e V4InL— lnR) Do(L — R) (sz e V+InL— 1nR)
Ji0 = 2 H(1)(InL —InR) » T = 2%H(1)(InL — In R) ’
_Dl(Zl)\—Z ) Dl(zl)\—zg)(L2 —RQ)
Ju=—am oL B R) kBT 2222, H(1) ’
D2(2’1>\—Z ) DQ(Zl)\_Zz)(LQ —RQ)
= 2R L,
Jn z122H(1) Yo(Ls Byn(L, R) kBTV + 22122H(1) ’
where
L—-R L-R L+R
e - . 4.
(L, ) = InL-InR’ n(L,R) = InL—-InR 2 (43)

Proof. From Jy, = DyJy = DyJyxo + DiJg1v + O(I/), one has
Tko(V;50) =Dy Jio(V;0) and  Jr1(V;0) = DiJi1 (V5 0).
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The formulas then follow directly from Lemmas 3.4 and 3.5. The conclusion under
electroneutrality boundary conditions (3.9) then follows from Proposition 3.2 and
Corollary 4.1. O

Remark 4.2. We stress that the linear dependence of J;0’s and J;1’s on V in
Corollary 4.1 is due to the fact that they are zeroth order approximations in e
of the corresponding quantities with zero permanent charge. In general, they are
nonlinear when permanent charge is non-zero (see, e.g, [43]) and, even with zero
permanent charge, higher order terms are not linear in V' (see, e.g., [1, 87]).

For the functions defined in (4.3), we have

Lemma 4.3. If L # R, then (L, R) >0 and v1(L,R) < 0. As |L — R| — 0 with
R being fized,

Y(L,R) = R and v1(L,R) — 0
Proof. The proof is straightforward. O

Based on the approximations for 7;’s in Corollary 4.1, we define four critical
potentials and discuss their roles in characterizing ion size effects on individual
fluxes.

Definition 4.4. We define four potentials Vi, Va., V¢ and V?¢ by
d d
J11(Vies A, 0) = Jo1(Vae; A, 0) = ajll(vlc;)vo) = ajzl(vzcﬁ A,0)=0.

Corollary 4.5. Suppose cly # cft. One has

k:BT <ln(L1R2) —In(LoRy) ]:2)
‘/].c = +=
21 — 22 Fi
kBT ( n(L Ry) — In(LyRy) zﬁ)
= +
21 — %o z9F1
_kpT (In(LiRy) ~In(LoRy) | (Incfy —Incf})Go
e 21 — 2 21 (Go + (Re — La)(cfy —cff)) )
ijT hl L1R2 ln(LgRl) + (111 C{'O In Clo)go
e 21 — 29 22 (Go + (Ra — La)(cfy — cfy)) )
where

21
Go = (nchy ~ ncly)  Lack, ~ Racth + ek ety + ) ).

Under the electroneutrality boundary conditions (3.9) and L # R, one has,

kT L? - R? kT L? - R?
Vie=Vte ==L , Vae=V*=-E :
e 2z17v(L, R)yv1 (L, R) e 2297 (L, R)y1 (L, R)
Proof. The statements follows from Corollary 4.1 and Definition 4.4. O

Remark 4.6. It follows from Corollary 4.5 that Vj. # V*¢ and Vj. depends on A
in general, but, under electroneutrality boundary conditions, Vi, = Vke and Vi, is
independent of .
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The significance of the four critical values Vi., Va., V!¢ and V?2¢ is apparent
from their definitions. The value Vi, and V5. are the potentials that balance the
ion size effects on individual fluxes, and the values V!¢ and V2¢ are the potentials
that separate the relative size effects on individual fluxes. More precisely,

Theorem 4.7. Suppose %(V;)\,O) > 0 (resp. %(V;)\,O) < 0). For small
e >0 and v > 0, one has
(1) if V > Vi (resp. V. < Vie), then Ti1(Vie,v) > Tr1 (Vi €,0) (resp. T (Vie,v)
T (V;e,0));
(il) if V < Vi (resp. V> Vi), then Ji1 (Vi e,v) < Je1(V;€,0) (resp. Ti1(Vie,v)
Jie1(V;€,0)).

Theorem 4.8. Suppose 8;&,‘75/{)(‘/;)\,0) > 0 (resp. a;g}g“;\)(V;/\,O) <0>. For

small e > 0 and v > 0, one has

() if V > Ve (resp. V. < V*€), then Jy1 is increasing (resp. decreasing) \;
(ii) if V. < VFe (resp. V > Vke), then Jyy is decreasing (resp. increasing) .

Concerning the conditions in Theorems 4.7 and 4.8, the following result can be
easily checked.

Lemma 4.9. Assume electroneutrality boundary conditions (3.9) with L # R. One
has, for k = 1,2, Oy Jx1 > 0 and 512/»7161 > 0. As L — R, Oy Jr1 — 0 and
05\Ti1 = O((L = R)?). O

4.2. Ton size effects on the current Z. We analyze ion size effects on the I-V
relations following the outline as that in [51].

Corollary 4.10. In formulas (4.2), one has

Zl(ZlDl — ZQDQ)(C%O - c{:{o)(ln(Lle) - IH(LgRl))

Zo(V;0) =
H(1)(In c{“o — lncfb)

z1(Dy — Do) (cky — &) z1(z1Dy — 29Dy (cfy — cff) | e v
H(1) H(1)(Incky —Incll) kT "’

21(21>\ — ZQ)(.Dl — D2) 1
i(V;0) = H () ctoR1 —cioLy + 5(01L0 + cih)(efo — cfh)
21(21X — 22)(21D1 — 29D2)(cly — ) (B Ry — k) Ly n ek + oty
2H(1)(Incky —Inck)

L1 —R1 e
v
+lnclL0 lncﬁ)> kT "’

+

L R
€10 — €10 2

where ¢k and ¢ are given in Proposition 3.2.
Under electroneutrality boundary conditions (3.9), one has

Io(V;0) = D — Zz()l()L ) ZID}{z1§2D2 o (L, R)h%u
. (A= 2)(Ds — Dy)(L? — R?)
hVir0) =~ 22120 H (1)

n (21X — 22)(21 D1 — 22D5)
legH(l)

e
Yo(L, R)y1 (L, R)mv'



QUALITATIVE PROPERTIES OF IONIC FLOWS VIA PNP SYSTEMS 19

In particular, as L — R, one has
ZlDl — ZQ.DQ)L e
H(1) kp

To(V;0) N 7V and Ii(V:A,0) = 0.

Proof. 1t follows from
I(Vi; M 0,v) =101 + 2202 = 21D1J1 + 22D2.J5 (4.4)
= (21D1J10 + 22DaJ2) + (z1.D1J11 + 22D2J21) v + o(v) .
that
To(V;0) = z21.J10 + 22J20,  L1(V5 A, 0) = 2111 + 22T21-
The formulas for Zy(V'; 0) and Z; (V; 0) follow directly from Lemmas 3.4 and 3.5. O

Similar to Remark 4.2, the zeroth order (in ) approximation of I-V relation in
Corollary 4.10 under the setup of this paper is linear in V. In general, the I-V
relation is not linear in V.

We next define three critical potentials Vy, V. and V¢, which play an important
role in characterizing the effect on the I-V relation from ion sizes.

Definition 4.11. We define three potentials V, V. and V¢ by
d
Io(Vo; 0) = O, 1-1(‘/0; /\7 0) = 0, aL(VC; )\,0) =0.
From Definition 4.11, we obtain

Proposition 4.12. The potentials Vy, V. and V¢ have the following expressions

kT Dy — D
Vo=— i <Z1D1 — 2’22D2 (ln C{IO —In cﬁ)) + ln(Lle) B ln(LQRl)) 7
_ L g cR) ((cloBi=ciol ClLﬁc{%)
V.=V = _kiBT (D1 = Da)(Inefy —Incgp) ( clo—Cio T

R L L | .R :
e _ cioRi—crpla SOREST: Li— Ry
(21D1 — 22Ds) ( s s R e s

Under electroneutrality conditions (3.9) and L # R, one has

kgT Dy — Do
= _ InL —1
Vo e =D —ngg(n nR),
[ _ksT (D1 — D5)(L2 — R?)

e 2(z1D1 — z2D2)vo(L, R)y1 (L, R)’

For the LHS used in [51], V.. # V¢ in general. In the following, we will use the
notion V. for Bikerman’s LHS taken in this paper.
As a direct consequence of Proposition 4.12, one has

Corollary 4.13. Assume electroneutrality boundary conditions (3.9). Then
(i) Vo(L, R) = =Vo(R, L) and Vo(L, R; X) = —V(R, L; A);
(ii) for L > R, Vo(L, R) is decreasing (resp. increasing) in L if Dy > Dy (resp.
Dy < D), and, for fized R > 0, Llin}% Vo(L, R) = 0;
—
(iii) for fized R > 0,
12kpT Dy — Dy
& ZlDl — ZQDQ '
. V. kT Dy — Do
lim =— .
LoocoInL —InR e ZlDl —ZQDQ

lim V.(InL —InR) =
L—R
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A direct observation gives the following result:

Theorem 4.14. Treating Iy, 71, Vo, and V. as functions of (L1, L2, R1, R2), one
has

(i) Zo is homogeneous of degree one, that is, for any s > 0,

Io(v, SL17 SLQ, SRl, SRQ; O) = SIQ(‘/, Ll, LQ, Rl, RQ; 0)
(ii) Zy is homogeneous of degree two, that is, for any s > 0,

Il(‘/, SLl, SLQ, SRl, SRQ; 0) = 821-1(‘/, L1, LQ, Rl, Rz; 0)
(iii) The potentials Vi and V. are homogeneous of degree zero.

The potential Vj is the so-called reversal potential. The value V, is the potential
that balances ion size effect on I-V relations and the value V¢ is the potential that
separates the relative size effect on I-V relations. Precise statements are provided
as follows:

Theorem 4.15. Suppose OyZ1(V; X, 0) > 0 (resp. OyZ1(V;A,0) < 0). For small
e>0andv >0,

(i) If V>V, (resp. V< V.), then Z(V;e,v) > Z(V;e,0);

(ii) If V < Vi (resp. V. > V_), then Z(V;e,v) < Z(V;e,0).

Similarly,

Theorem 4.16. Suppose 0%,Z1(V;X,0) > 0 (resp. 92,Z1(V;\,0) < 0). For small
e>0andv >0,

(i) If V> V€ (resp. V. < V€), then the current T is increasing \;

(il) If V. < V¢ (resp. V > V€), then the current I is decreasing .

The following result can be checked easily.

Proposition 4.17. Assume electroneutrality boundary conditions (3.9) with L # R.
Then, OyZ1(V;A,0) >0. As L — R, OvZ1(V; A\, 0) — 0. O

While 0y Z;(V; A, 0) is non-negative under electroneutrality conditions, in gen-
eral, it can be negative, as shown in the following example motivated by that in
[51]. We consider a special case with z; = 1 and 2o = —1. Correspondingly, we have

clLO =+/Li1Ls and cﬁ') =+vRiR,.
Proposition 4.18. Fix Ly > 0. If either Ro > Ry > L1 > 0 and/L1Ly > /R1Rs,
or R1 > L1, Ry < Ry and /L1Ls > u*v/RiRs, where u* > 1 is a constant, then
& (/\+1)(D1 —|—D2)(\/L1L2 - \/RlRQ)
kBT H(l)(ln(LlLQ) — h’l(RlRQ))

I (Vi N, 0) = — K(L1, L2, R1, Ry)

s negative, where

K(L1,Ly, Ri,Ry) = e - Lt By
DI TN (L)~ m(RiRy) | VIiLs — VRiR: (4.5)
N VIiL; + VR Ry

2

Proof. Note that

6(D1 + Dg) Vv L1L2 Y, R1R2
W >0, A>0, and ln(LlLQ) — ln(RlRQ) > 0, for L1Ls 7é Ri1 R,

it is suffices to show that K(Li, Ls, Ry, R2) > 0.
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For simplicity, we set

V' L1Ly = pv/Ri R, (4.6)
where > 0, but g # 1. Substituting (4.6) into equation (4.5), we have
h(p)

KL Loy By Bo) =50y

where
h(p) = (L1 — R1)(n — 1) + 2(Ry — Lip) Inpp — /Ry Ry(1 — pi*) In pu.
Notice that 2(u — 1) Inp > 0, for g > 0, but u # 1. Now we claim that h(u) > 0.

To get started, a simple calculation gives

2 1
h' (1) = Ry (.U - 1) —Li(14+2lnp)+VRiRs (2,uln/¢—|—u— N) .

Case I: R, > Ry > L1 >0, and p > 1.

Under the assumption of case 1, one has h'(u) > ho(p)R1, where

1
ho(p) = M —2-=2Inp+2pulnp+ p.

A careful calculation gives

2 1 1
ho(1) = h¢(1) =0, and hg(u) = m (1 + " + NQ) >0, for u> 1.

And hence, h'(p) > 0 for u > 1. Together with k(1) = 0, we have h(u) > 0 for
w > 1. Therefore, K(Ly, Lo, Ry, R2) > 0.

Case II: Ry > Ly, Ry < Ry, and p > p* > pg > 1.

For convenience, we define Ry = aR7, where 0 < a < 1. Then, we have

2—4/a
h'(p) > g(p)Ry  with g(u) = lif +ap+2vapnp —2np — 2.
Direct calculations give
a—2 2 2—+va 2/a 2
9'(n) = fQ +2Valnp—=+3va and g¢"(p) = },f L e —-
j j 2p B

Clearly, one has g"”(u) > 0, for all 4 > 1. And hence, ¢'(p) is increasing for p > 1.
Note that ¢’(1) < 0, and ¢'(u) — oo as u — 0o. There exists a unique pg > 0 such
that ¢'(10) = 0. Furthermore, g(u) is decreasing for 1 < p < pp and increasing for
> ug. Note that g(1) = 0, we have g(uo) < 0, and there exists a unique p* > pg
such that g(u*) =0, and g(u) > 0 for > p*. This completes the proof. O

4.3. Individual fluxes vs the current. The critical potential V. is directly re-
lated to Vi, and V*¢, k = 1,2. For simplicity, from now on, we always assume the
electroneutrality boundary conditions (3.9).

Recall that, under electroneutrality boundary conditions, Vi. = V*¢. We thus
use Vi in the following. The next result follows from Corollary 4.5 and Proposition
4.12.

Lemma 4.19. Assume electroneutrality conditions (3.9). Then
z21D1Vie — 20D3Vae

“/C =
21D1 — z2Do
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For fixed Dq, D2, L, and R, one can immediately characterize ion size effects on
the individual fluxes J;’s and the current Z, depending on the relative locations of
Ve, Vie, Vae and where the boundary potential V' is located. We will provide the
result only for the cases D1 > Ds. The statements for other cases can be made
similarly.

Theorem 4.20. Assume electroneutrality conditions (3.9). Suppose X # 1, and
D1 > Dy and L < R. Then,

Ve > Vie > Vac.
Hence, for smalle >0 and v > 0,
(i) if V > V., then ion sizes enhance Jr, J2 and I, that is,

JT1(Vie,v) > T1(V;e,0), Bo(Vie,v) > J2(V;e,0), Z(V;e,v) > Z(V;e,0);
(i) if Vie <V <V, then ion sizes enhance Ji and J2 but reduce I, that is,

JT1(Vie,v) > T1(Vie,0), To(Vie,v) > J2(V;e,0), Z(V;e,v) < Z(V;e,0);
(iii) if Vo <V < Vi, then ion sizes enhance Jo but reduce Jy and I, that is,

Ti(Vie,v) < 1(V;e,0), Jo(Vie,v) > Jo(Vie,0), Z(V;e,v) < Z(V;e,0);
(iv) if V < Vi, then ion sizes reduce J1, Jo and I, that is,

Ti(Vie,v) < T1(V;e,0), Jo(Vie,v) < Jo(Vie,0), Z(V;e,v) < Z(V;e,0).

Proof. The relation among V,, V., and Vs, follows from Corollary 4.5, Proposition
4.12, Lemma 4.19, and the assumption that D; > Dy and L < R.
The statements (i)—(iv) then follow from Theorems 4.7 and 4.15. O

Remark 4.21. For cases (i) and (ii) in Theorem 4.20, ion size effects on individual
fluxes J; and J5 are the same, but their effects on the current Z are opposite. For
cases (iii) and (iv), ion size effects on the flux J> are opposite, but their effects on
the flux J7 and the current Z are the same.

Similarly, one has

Theorem 4.22. Assume electroneutrality conditions (3.9). Suppose X # 1, and
D1 > Dy and L > R. Then,

Ve < Vie < Vae.
Hence, for smalle >0 and v > 0,
(i) if V < V., then ion sizes reduce J1, Jo and I, that is,

J1(Vie,d) < J1(V;e,0), T2(Vie,d) < J1(V;e,0), Z(V;e,d) < Z(V;e,0).
(i) if Vo <V < Vi, then ion sizes reduce Jy and Ja but enhance Z, that is,

JT1(Vie,d) < J1(V;e,0), Jo(Vie,d) < J1(V;e,0), Z(V;e,d) > I(V;e,0).
(iii) if Vie <V < Vi, then ion sizes reduce Jo but enhance Ji and I, that is,

JT1(Vie,d) > J1(V;e,0), Jo(Vie,d) < J1(V;e,0), Z(V;e,d) > I(V;e,0).
(iv) if V > Vi, then ion sizes enhance Jy, Jo and I, that is,

J1(Vie,d) > J1(V;e,0), J2(Vie,d) > T2(Vie,0), Z(Vie,d) > I(V;e,0).

The effects of relative ion size A on ionic flows can also be derived directly. Recall
that under electroneutrality conditions (3.9), we have V;. = V' for ¢ = 1, 2.
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Theorem 4.23. Assume electroneutrality conditions (3.9). Suppose D1 > Dy and
L < R. Then,

Ve > Vie > Vae.
Hence, for smalle > 0 and v > 0, one has
(i) if V > V., then J1, J2 and T increase in \;
(i) if Vie <V < Vg, then Jh and Js increase in A but Z decreases in \;
(iil) if Vae <V < Vi, then J1 and T decrease in A but Ja increases in A;
(iv) if V < Vi, then Jh, Jo and I decrease in .

iv
Similarly,

Theorem 4.24. Assume electroneutrality conditions (3.9). Suppose D1 > Dy and
L > R. Then,

Ve < Vie < Vae.
Hence, for small e > 0 and v > 0, one has
(1) if V < V., then J1, Jo and I decrease in X;
(ii) if V. <V < Vi, then 2101 and Jo decrease in A but I increases in A;
i

)
(iii) if Vie <V < Vi, then J1 and Z increase in A but Jo decreases in A;
(iv) if V > Vi, then Ji, Jo and T increase in .

4.4. Sensitivity of ion size effects near L = R. We examine closely the situation
for L and R close to each other. It turns out, in this situation, the properties of the
critical potentials are extremely sensitive on whether L > R or L < R.

Proposition 4.25. One has,

Ll_ing Vie = Ll—ifzr't}f Vae = —o00, LEIE* Vie = Ll—i>nz%+ Vee = oo
Proof. From Lemma 4.3, one has
- L? — R? . L? - R?
U e T By SR AN S (A0 B
Recall that z; > 0 > z3. Our results then follow directly from Corollary 4.5. O

The significance of the above result is discussed in the next remark.

Remark 4.26. Combining this result with Theorems 4.20 and Theorems 4.22, one
concludes that the effects of ion sizes are sensitive to whether L > R or L < R for
L and R close. More precisely, on one hand, as L — R™, one has Vo, < V < Vi,
for any fixed potential V', and hence, ion sizes always reduce Jy (comparing to Jy
from point-charge case) but enhance Jo (see, (iii) in Theorem 4.20); on the other
hand, as L — R™T, exactly the opposite occurs, that is, one has Vo, > V > Vi, for
any fixed potential V', and hence, ion sizes always enhance J1 but reduce Jo (see,
(iii) in Theorem 4.22).

Similar sensitivity dependence of ion sizes effects on total fluxes near L = R is
examined below. The result depends naturally on Dy and D, as well as z; and z».

Proposition 4.27. Assume Dy > Ds. One has,

lim V,=—-00 and lim V.= +occ.
L—R+ L—R~-
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Proof. Tt follows from

lim ﬁ——oo and lim ﬂ—oo
L—r+ (L, R) Lsr- y1(L,R)

O

Remark 4.28. (a) Similar to Remark 4.26, when combining Proposition 4.27 with
Theorems 4.15 and 4.16, and Proposition 4.17, one concludes sensitive dependence
of ion size effects on the current Z near L = R. The precise dependence further
involves the quantities Dy and Ds; for example, if D; > Dy, on one hand, as
L — R™, one has V > V, for any fixed potential V', and hence, ion size always
enhances the current Z comparing to the current from point-charge case (see, (i)
in Theorem 4.15) and the current Z is always increasing in A (see, (ii) in Theorem
4.16); on the other hand, as L — R~ exactly the opposite effect occurs. For the
other cases, the ion size effects as L — R~ are always opposite to those as L — R™.

(b) Comparing consequences from results in Proposition 4.25 and in Proposition
4.27, we note that the qualitatively sensitive dependences of ion sizes on individual
fluxes J1 = D1J; and Jo = DsJs do not depend on Dy and Dy but those on the
current Z do, simply because Z = z1D1J1 + z2D2Js with z1 > 0 > z5.

5. Concluding remarks. We study a quasi-one-dimensional steady-state Poisson-
Nernst-Planck model for ionic flows through a single membrane channel with two
ion species, one positively charged and one negatively charged. Bikerman’s local
hard-sphere model is included to account for ion size effects. Under the framework
of geometric singular perturbation theory, together with the specific structures of
the PNP system, approximations to the individual fluxes and the I-V relations are
extracted, from which the qualitative properties of ionic flows are studied. A de-
tailed characterization of complicated interactions among multiple and physically
crucial parameters (such as boundary concentrations and potentials, diffusion coeffi-
cients and ion sizes) for ionic flows is provided. Based on relatively simple biological
settings, our results have demonstrated extremely rich behaviors of ionic flows and
sensitive dependence of flow properties on all these parameters. We believe that this
work will be useful for numerical studies and stimulate further analytical studies of
ionic flows through membrane channels.

We finally point out that the approximated I-V relation (zeroth order in €) is
linear in V' (See Corollary 4.10) under our set-up. However, the zeroth order (in
¢) approximation of the I-V relation is nonlinear in V when permanent charge is
nonzero (see, [43]) and, even with zero permanent charge, higher order terms are
nonlinear in V' (see [1, 87] for examples).
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